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Abstract

Cavity quantum electrodynamics (CQED) is a proven testbed for studies of the

fundamental light- matter interaction and in recent years has become increasingly

relevant in quantum simulation. By engineering the electromagnetic properties of the

cavity it is possible to tailor unique interatomic interactions resulting in the possibility

of observing novel phase-transitions and self-organization phenomena. These transi-

tions distinguish themselves from existing ultra-cold atom optical lattice experiments

in that the order exhibited by the atoms is not externally-imposed but emergent in

the atom-cavity interaction. Increasing the variety of cavity modes available for crys-

tallization towards a complete basis leads to the possibility of observing quantum

soft-condensed matter phenomena like phonons, dislocations, and frustration in this

system.

This thesis introduces a novel cold-atoms apparatus designed and constructed with

the aim of observing and characterizing emergent quantum phenomena. Details of the

experimental setup and procedure are presented along with recent experimental and

theoretical results pertaining to a novel self-organization phenomenon. Additionally,

the technical aspects of an approach to couple light selectively to arbitrary cavity

modes using digital holography will be presented. This tool will be useful for seeding

the cavity towards, for example, the promotion of self-organization in a particular
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mode.
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Chapter 1

Introduction

Quantum simulation is a central aim of modern Atomic Molecular and Optical

(AMO) physics [1] and became a widespread goal of the field quickly following the first

observation of the Bose-Einstein Condensate (BEC) [2, 3]. When weakly interacting,

BECs made from atomic gases approximate a pure quantum state (in both motional

and internal degrees of freedom) to a fantastic degree, and the ability to control

interactions allows for studies of many-body physics [4]. Careful selection of the

quantum gas also allows for the generation of ultracold clouds of fermionic atoms and

the observation of degenerate fermions [5]. These experimental techniques open the

field for the study of matter at the most general and fundamental level.

For twenty years cold-atoms experiments have provided a crucial testbed for these

ideas, allowing for the creation and manipulation of pure quantum states in a pris-

tine environment free from dissipation and decoherence. The ability to generate pure

quantum states in ultracold atomic clouds whose behavior is governed by a precisely

tailored Hamiltonian has led to the observation of quantum phenomena long theorized

to exist but never directly observed in condensed matter systems [6, 7]. The dream
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CHAPTER 1. INTRODUCTION 2

of the quantum simulation enterprise is to predict and observe novel quantum phe-

nomena though improved control of the quantum degrees of freedom along with the

continued verification of well-understood physics. This endeavor is on solid theoretical

ground, supported by theorems concerning the equivalence of quantum systems [8, 9].

The notion that a quantum system with a sufficiently large state-space should be iso-

morphic to any other suggests that a generalizable quantum simulator would provide

insight into existing and proposed quantum phenomena as varied as magnetism [10,

11] or neutron stars [12]. Quantum simulation has the potential to be impactful in

the study of beyond-mean-field physics, where systems that behave in a way not well

characterized by existing theoretical tools can be studied in a controllable manner [13].

As an experimental tool optical lattices have provided access to the types of tight-

binding Bose- and Fermi- Hubbard Hamiltonians thought to describe electrons’ be-

havior in crystals [14]. Interfering laser light results in periodic optical potentials that

trap the atoms, but more generally, modify the plane-wave states of a free quantum

gas into the Bloch waves of an electron under the confined by the ions of a crystal. A

multitude of crystal geometries in 1, 2, and 3 dimensions have been studied with this

approach, each towards the observation of different physics [15–18]. What is lacking

in these systems, however, are many qualities possessed by ‘real’ crystals. Phonons,

dislocations, and frustration are examples of emergent properties and defects that

exist as a consequence of the crystal’s order being spontaneously generated and thus

subject to thermal excitation. When the order is imposed on the atoms by an exter-

nal potential, these qualities are unavailable for study. The degree to which this is

limiting depends deeply on the nature of the problem being studied, but as in the case

of BCS superconductivity, the limitation is obvious. Despite this, the BCS state has
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been observed in quantum gases where strong contact interactions act as an inexact

replacement for phonon-mediated interactions [19]. Nonetheless, self-organization is

such an ubiquitous feature of condensed matter physics and encompasses such rich

phenomenolegy that simulating it may be necessary to gain access to the complexity

of real materials. Additionally there is the possibility of studying novel Hamiltonians;

systems that have no analogue in nature but nevertheless provide insight to statistical

and quantum physics.

Cavity QED is a particularly attractive setting to explore many-body physics us-

ing quantum gases of neutral atoms [20]. In these systems, a laser pumps energy into

cavity modes either directly via a semitransparent mirror or indirectly via coherent

(Rayleigh) scattering off intracavity atoms. This light leaks out of the cavity by the

same semitransparent mirrors and may serve as a record of the collective dynam-

ics driven by light-matter coupling. Atoms that successively scatter the same light

are effectively interacting and under the right conditions can self-organize. Interac-

tion timescales can be orders of magnitude faster than the superexchange or dipolar

exchange interactions exploited in traditional optical lattice-based quantum simula-

tors [21, 22]. A non-equilibrium steady state may be reached before spontaneous

emission heats the gas. Despite the driven, dissipative character of this intrinsically

non-equilibrium system, statistical mechanical treatments may be employed to ana-

lyze phase transitions [23–25].

Experiments of this variety have in the recent past made use of a BEC positioned

near the center of, and thus coupled to, a Fabry-Pérot cavity. Pumping the atoms

results in the generation of a self-consistent optical lattice made from the interference
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of the cavity mode and the pump light. The atomic superfluid occupies this lat-

tice in the process breaking a Z2 symmetry; the atoms occupy one of two equivalent

sub-lattices of the total interference potential. An example of spontaneous symme-

try breaking, this experimental system is a stunning example of self-organization in

a cold-atoms system, one whose threshold, excitation spectrum, entanglement, and

thermodynamic properties can be studied in a clean, isolated environment. Extending

the experiment to include a cavity with many, orthogonal, degenerate modes has the

potential to allow for studies of phase transitions that exhibit continuous symmetry

breaking; a necessary condition for observing the aforementioned emergent condensed

matter phenomena. To this end, a novel multimode cavity quantum electrodynam-

ics (CQED) apparatus was constructed with a degenerate near-confocal Fabry-Pérot

cavity as its centerpiece. BECs positioned controllably with respect to the cavity

modes are pumped and the resulting self-organization is studied in the time-of-flight

images of the atoms and the light emitted by the cavity.

In order to study and probe the multimode cavity it is necessary to have on hand

a method of mode-spectrum characterization based on driving the degenerate cav-

ity with carefully tailored mode functions. Specifically, a technique was developed

making use of a digital micromirror device (DMD), functioning as a binary spatial

light modulator (SLM), which can be used to generate holographic light fields that

selectively couple to each cavity mode. This capability will be important, e.g., when

engineering atom-atom interactions of unusual form via shaping the pumped light

fields or when measuring the multimode cQED system’s dynamic response [26] to

tailored drive fields. These characterization tasks can be accomplished in a manner
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that is rapid and re-configurable using the DMD, enabling the versatile in-situ ma-

nipulation of one mode versus another. Furthermore, the DMD can be used to study

the particulars of the bare cavity, i.e., how the mode structure changes as a result

of aberrations and mixing when the cavity is tuned to a degenerate configuration.

Iterative procedures are employed to better couple to individual cavity modes; this

paves the way for the use of optimization algorithms to automatically determine the

cavity mode structure.



Chapter 2

The Experiment

2.1 Rubidium

Rubidium is an alkali atom with atomic number 37. It exists primarily as two

stable isotopes, 85Rb and 87Rb (72.2% and 27.8%), both of which have use in cold

atoms experiments. The cooling line of Rubidium is 780.24 nm, an incredibly use-

ful wavelength technologically as it coincides with the wavelength used for read-

ing Compact Discs (CD), prompting a technological revolution in the development

of diode lasers at this wavelength. With a ground state electronic configuration

1s22s22p63s23p63d104s24p65s1 Rubidium has a single S = 1
2 valence electron, and as

a result all relevant transitions are based on the single electron transition 5s → 6p,

where the orbital angular momentum increases from L = 0 to L = 1. Spin-orbit

coupling results in a J = 0 ⊗ 1
2 = 1

2 ground state and splits the excited state into

J = 1⊗ 1
2 = 1

2 ⊕
3
2 . The 5S1/2 → 5P1/2 transition is known as the D1 transition with

a wavelength of 795 nm. The 5S1/2 → 5P3/2 transition is known as the D2 transition

6



CHAPTER 2. THE EXPERIMENT 7

with a wavelength of 780.23 nm. These transitions are further split by spin-spin inter-

actions into manifolds defined by quantum number F . For 87Rb whose nuclear spin is

I = 3
2 , the 5S1/2 and 5P1/2 manifolds have F = 1

2 ⊗
3
2 = 1⊕ 2, and the 5P3/2 manifold

has F = 3
2⊗

3
2 = 0⊕1⊕2⊕3. Being much closer to the nuclear spin the ground state

hyperfine splitting is several orders of magnitude (∼1.5) larger than the excited state

hyperfine structure; the splitting between tho ground states |F = 1〉 and |F = 2〉 is

6.8 GHz, while the splitting between the excited states |F ′〉 is 100’s of MHz. The

level structure for 85Rb is qualitatively the same, the only difference being that every

ground and excited state |F 〉 and |F ′〉 has its magnetic quantum number one larger

than its analogous state in 87Rb, a consequence of its nuclear spin being I = 5/2. It

turns out that this structure is conserved amongst alkali atoms, the existence of a

single valence electron giving rise to a hydrogenic structure and D1 and D2 lines, and

whose hyperfine quantum numbers are only differentiated by the atom’s nuclear spin.

Despite spectroscopic similarities, the two Rubidium isotopes have vastly different

scattering properties, with only 87Rb able to natively Bose condense (BEC) [27].

Figure 2.1: 87Rb D2 level diagram reproduced from [28].
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2.2 BEC Production

In order to allow for precise and accurate control over the atomic degrees of free-

dom necessary to observe quantum phenomena, all cold atoms experiments take place

in a pristine vacuum environment maintained at pressures as low as 10−12 Torr. The

vacuum system used in this experiment was constructed using off-the-shelf compo-

nents assembled in a unique fashion to suit the requirements and constraints of the

experiment and the space in which it was built. Figure 2.2 shows a rendering of

the two-part vacuum chamber. The chamber is roughly divided into three sections:

the oven, the production chamber, and the science chamber. The three chambers

were designed and built over time to accommodate a developing understanding of

the experiment’s design. Pressure is maintained by a collection of pumps; three ion

pumps and two getter pumps act against leaks and out-gassing of material within the

chamber. Rubidium vapor from the oven loads a magneto-optical-trap (MOT) in the

center of the production chamber.

After several cooling steps the atoms are transferred to a single-beam optical

dipole trap (ODT) which can be translated to the science chamber where the atoms

are trapped between the mirrors of a Fabry-Pérot cavity. Here, the atom-cavity sys-

tem can be addressed by light. Different self-organization phenomena can be observed

by pumping the atoms, cavity, or both. The cavity is a near-confocal (R ≈ L) optical

resonator made from two medium-high-finesse (F ≈ 5.7×104) mirrors whose radius of

curvature R is 1 cm. The length L of the cavity can be modified by ±1 mm by an At-

tocube nanopositioning stage built into the cavity mount. The modes of the cavity are

approximately Hermite-Gauss functions with a waist of
√

λ
2π (L(2R− L))

1
4 ≈ 35 µm.

The atoms can be localized within the cavity mode by much better than a waist
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as the cloud’s Thomas-Fermi (TF) radius is ∼ 7 µm and the passive stability of

the optics prevents drift greater than this figure. Using an error signal generated

by reflecting 1560 nm light off the cavity, the cavity length is stabilized by custom

feedback electronics resulting in differential-mode variance of ∼ 2 pm. This corre-

sponds to variation of 75 kHz in the mode frequencies; less than one-third the 260 kHz

linewidth (FWHM 2κ) at 780 nm, and significantly less than ∆c, the cavity-pump

detuning used in most of the experiments.

With the atoms localized in the cavity mode they can be pumped transversely by

off-resonant light. Scattered into the cavity, the light participates in self-organization

phenomena that result in superradiant scattering by a cloud that has broken trans-

lational symmetry. In a single or few mode system the broken symmetry is discrete;

allowing the cloud to crystallize into an increasing number of modes will result in

a state that has broken a continuous phase, leading naturally to the observation

of phonons, defects, partially broken symmetries, and other soft condensed matter

phenomena.

The creation of ultracold gases in the production chamber follows the work of [29],

with an implementation mirroring in most instances [30]. A Mini-Conflat bellows

holds a glass ampoule full of 87Rb. After the chamber is pumped down this bellows

is flexed, breaking the ampoule and exposing the Rubidium to the vacuum. The

inert gas (usually N2) released by the ampoule is taken up by the ion pumps in the

chamber. To generate a partial pressure of Rb the bellows and surrounding vacuum

components are heated to over 100◦C. A differential pumping tube between the oven

and production chamber doubles as a velocity selector for the Rubidium gas in the

oven resulting in an atomic beam directed through the Zeeman slower. The atoms
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Figure 2.2: Computer rendering of experimental apparatus, excluding laser optics.
Inset: photograph of multimode cavity within science chamber.
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are decelerated by the Zeeman slower [31] to speeds of several cm/s, loading 87Rb into

a magneto-optical trap (MOT) at the center of the production chamber’s trapping

region. The flow of Rubidium is ceased by closing an in-vacuum shutter and the

atoms are subsequently cooled to sub-doppler temperatures by polarization gradient

cooling and then optically pumped to the |1,−1〉 state. Then, the MOT’s magnetic

quadrupole field is increased to obtain a gradient of 195 G/cm. This sequence of

procedures results in approximately one-billion atoms in the |1,−1〉 state magnetically

trapped at the center of the production chamber. Linearly ramping the RF frequency

in coils external to the chamber from 25.5 MHz to 5.5 MHz over 5.7 s produces an

evaporatively cooled cloud of 8× 107 atoms at 40 µK.

An off-resonant ODT is tightly focused below the center of the quadrupole trap,

and the atoms are directly loaded into this ODT during the course of the evaporation.

We use this ODT as an optical tweezer for transporting the atoms into the cavity

science chamber. It employs 9.8 W of 1064-nm laser light focused to waists of 50 µm

and 73 µm in the horizontal and vertical directions, respectively. Loading into the

ODT from the magnetic trap is performed by significantly reducing the quadrupole

gradient over 1 s to a value just supporting the atoms against gravity. In this con-

figuration, the quadrupole trap provides confinement in the weakly trapped, axial

direction of the ODT beam. By lowering the optical power, the atoms can undergo

efficient optical evaporation to high phase-space density. We have obtained a BEC

of 1× 106 atoms at 200 nK in the production chamber by further reducing the ODT

power.

However, creating BECs before ODT transport to the cavity science chamber

is counter-productive, as three-body collisions heat the gas during transport [32].
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Figure 2.3: Typical single-shot absorption imaging density profiles of 87Rb atomic
clouds after 18 ms of free expansion. The top row shows the density distribution,
with the colorscale equal for the two pictures. The lower row shows the integrated
density along a direction perpendicular to the cavity axis. The black dots represent
the data, the green curve shows the fitted bimodal profile and the red curve shows
the fitted thermal portion. (a) and (b): 1.8(2) × 105 atoms at the onset of BEC,
T ∼ 320 nK. (c) and (d): Nearly pure BEC of 4.5(5) × 104 atoms at T ≈ 150 nK.
BEC fraction is ∼90%.
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Rather, we evaporate to 8 µK above Tc = 1.6 µK and transport 6× 106 atoms to the

cavity science chamber by translating the last focusing lens of the ODT. This lens is

mounted on an air bearing translation stage. The stage provides a translation of the

lens and of the ODT focus over a distance of 35 cm in 4.3 s. The position of this beam

is adjusted to maximize loading of atoms into the ODT while maintaining a transport

trajectory whose final location is the center of the multimode cavity. The motion of

the stage is chosen to be a smooth function defined by three sections of constant

acceleration, with the central section having zero acceleration. The parameters of

this curve were chosen so as to maximize transfer of atoms into the science chamber.

The overall transfer efficiency 30% is currently limited by magnetic field gradients,

background gas collisions, and mechanical excitation.

The two sections of the apparatus, the ultracold atom production chamber and the

cavity science chamber, are separated by a gate valve, allowing us to break vacuum

in one without disturbing the other. This feature will prove useful for modifying the

cavity, if for instance we want satisfy the concentric criterion L = 2R or exchange the

mirrors with ones of differing finesse or R. Figure 2.4 shows a cutaway of the science

chamber with an emphasis on the vibration-isolation stack. The cavity mount is

constructed of steel and macor and weighs altogether approximately half a kilogram.

The mount is resting on viton squares on a second steel piece weighing 3.5 kg. This

steel piece is resting on Viton squares on a third and final steel piece weighing 6 kg.

This three-tiered stack acts as a 6-pole lowpass filter with a 3 dB point at ∼ 80 Hz ,

strongly attenuating external vibrations that may otherwise shake the cavity.

Once the atomic cloud is positioned between the mirrors in the science chamber,

a second 1064-nm laser beam crosses it to confine the atoms. This beam is circular
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Figure 2.4: Computer rendering of a section-view of the science chamber showing the
cavity mount, vibration isolation stages, and in-vacuum coupling lens. Note, colors
do not reflect actual material color. Inset: photograph of cavity holder outside of
vacuum, including single-crystal PZT, mirrors, and slip-stick translation stage.
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with a Gaussian waist (1/e radius) of 48 µm. Forced evaporation in this crossed ODT

produces a nearly pure BEC of 4.5(4)× 104 atoms at density 4.7(5)× 1014 cm−3, as

shown in figure 2.3. The trap frequencies are 145(5) Hz, 115(1) Hz, and 167(2) Hz in

x̂, ŷ, and ẑ, respectively. We expect to achieve pure condensates with 105 atoms after

performing additional evaporation optimization. The total time to achieve a BEC

within the cavity, starting from MOT loading, is 16 s.

For ease of coupling to the cavity mode at 780-nm, we can also load a thermal gas

into an intracavity ODT formed with the 1560-nm locking light in the TEM0,0 mode.

To do so, we increase the power of the locking laser until the steady state circulating

power provides a trap depth of 5.2(1.3) µK. The transport ODT brings atoms into the

science chamber and holds the cloud within the cavity mode. Addition of a second

ODT beam crossing the first increases the mode matching between the 1064-nm trap

and the 1560-nm cavity mode. Optical evaporation with the crossed 1064-nm beams

loads atoms in the intracavity ODT, resulting in 2.5(2) × 105 atoms at 1.8(5) µK

confined in the 1560-nm standing-wave TEM0,0 cavity mode. The temperature and

atom number uncertainties, as well as the relatively high final temperature, are dom-

inated by the lack of intensity stabilization and dynamical intensity adjustment of

the intracavity ODT power, all of which will be added in the near future.

The atoms in the intracavity ODT are thermal and the in-trap density distri-

bution obeys Boltzmann statistics with ρ(x) = exp(−V (x)/T ), where V (x) is the

standing-wave optical potential of the intracavity ODT. The resulting atomic density

distribution is Gaussian, assuming a harmonic approximation to the potential. Such

an approximation is valid as long as the atoms are sufficiently cold so as to localize

close to the potential minima. We choose to operate at larger trap depth, though
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lower atom number, in the experiments discussed below. Since the atoms are loaded

into the intracavity ODT from a separate ODT with waists larger than λ/2, the atoms

will occupy multiple wells of the intracavity ODT. The waist of the 1560-nm TEM0,0

cavity mode is
√

2 larger than the 780-nm TEM0,0 mode waist: the intracavity ODT

waist is 35
√

2 = 50 µm. For the trap parameters used below—VFORT = 22(6) µK

and T = 5(1) µK—the atomic density distribution has a transverse waist of ∼17 µm,

which is smaller than the 35 µm waist of the 780-nm mode [33].

2.3 Cooling Lasers

When cooling Rb or other Alkali atoms, two lasers are necessary for the cooling

processes [34]. A Newport TLB-6900 Vortex II used as the master-cooler (MC) is

tuned red of the |F = 2〉 → |F ′ = 3〉 and performs the actual cooling by address-

ing the Rb cycling transition |F = 2,mF = 2〉 → |F ′ = 3,mF = 3〉. Low entropy

monochromatic light that is coherently absorbed and spontaneously emitted by the

atoms results in cooling of the atoms [35]. The limit to Doppler cooling is the atomic

linewidth Γ, which corresponds to a temperature TD = ~Γ
2kB ≈ 150 µK, and then the

ultimate limit to laser cooling is the recoil limit Trecoil = 1
kB

~2k2

2m ≈180 nK, a temper-

ature difficult to reach through non-evaporative means due to technical limitations.

The existence of a cycling transition implies that the atom can absorb and scatter

light ad infinitum, with each event returning the atom to its original state, ready to

participate in another scattering event. Unfortunately Raman transitions and tech-

nical imperfections in the polarization of the light allow for the MC to move atomic

population into the |F ′ = 2〉 state, from which it can decay into the |F = 1〉 ground

state, a dark state that does not participate in cooling. This process quickly depumps
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the atoms and terminates the cooling. A solution to this problem is to introduce a

second laser, a Toptica DL100 used as the repumping (RP) laser, which drives atomic

population out of the |F = 1〉 so the atoms can continue participating in cooling in-

teractions with the MC. The laser system is designed in such a way that the RP light

is detuned 165 MHz red of the |F = 1〉 → |F ′ = 2〉 transition; this is the light the

atoms see while traveling in the Zeeman slower. Atoms pumped into |F ′ = 2〉 will

invariably fall back to |F = 2〉, where they will be pumped into the stretched state

|F = 2,mF = 2〉 and cycle with the MC. For the MOT the RP light is passed through

an acousto-optic-modulator (AO) driven by 160 MHz, putting the light 5 MHz red

of the |F = 1〉 → |F ′ = 2〉 transition. The MC light is tuned 21.5 MHz red of the

cycling transition for the MOT, and passed through an AO driven by 140 MHz to be

161.5 MHz red of the cycling transition for the Zeeman slower. The frequency of the

RP light is never changed for the rest of the experiment, but the MC is shifted to

accommodate the needs of sub-Doppler cooling, optical pumping, and imaging; this

is accomplished by adjusting the lock, as will be discussed. All imaging and optical

pumping lines are controlled by AO switches driven by 80 MHz; this frequency shift

is taken into account when the MC frequency is changed. A schematic of the laser

system is shown in Fig. 2.5.

2.4 Laser Locks

The two cooling lasers must be frequency stabilized in order to reliably be used in

their role of cooling, manipulating, and imaging the atoms. Stabilization is accom-

plished by first obtaining an error signal for each laser frequency; the error signal is

an electronic voltage which is roughly linear as a function of the laser frequency and
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Figure 2.5: Two lasers are necessary for laser cooling Rb, one to address the Rb
cycling transition (MC), and one to pump the atoms out of the dark |F = 1〉 state
(RP). In this experiment these two diode lasers are amplified by tapered amplifiers
before being distributed to enact all the required cooling and trapping processes.
Acousto-optic-modulators (AOM) are used as switches and, by virtue of a four-wave-
mixing process, change the frequency of the out-coupled beam. Frequency stability is
established in two stages: the a sideband of the RP created by a fiber electro-optic-
modulator (EOM) is locked to the 85Rb cycling transition, and the MC is locked
directly to the RP through a beat-note lock. Since both the RP sideband and the set
frequency offset between the RP and the MC are computer controlled parameters,
the laser frequncies can be set arbitrarily.
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changes sign at the point where we want the frequency to remain fixed. This signal

is then fed into homebuilt feedback electronics that essentially apply a proportional-

integral (PI) filter to the signal. The PI-filtered signal is used to feedback on the

frequency of the laser through modulation of the current and PZT voltage. The

specific shape of the PI loops is determined in-situ for each lock, dependent on the

specifics of the laser’s phase and amplitude response in each channel. Feeding back on

the current of a diode laser it is advisable to include a lead-lag filter as shown in Fig.

2.6 or an all-pass filter as shown in Fig. 2.7. The principal mechanism for changing

the laser frequency by modulating the current at low frequencies is by affecting the

temperature; at high frequencies changes to the carrier density are responsible for

changes to the laser frequency. As a consequence the current response at low fre-

quency is actually out of phase with the response at high frequency; measuring this

phase response and correcting it with one of the aforementioned filters will improve

lock quality.

The MC is locked to the RP by a beatnote lock; both lasers are incident on a

EOT-4000 photodetector possessing a bandwidth of 12.5 GHz. The resulting beat

signal at ∼6.4 GHz is amplified and sent into feedback port of a AD4108 PLL. A

∼64 MHz signal synthesized by a AD9958 Direct Digital Synthesizer (DDS) is pro-

vided as the reference to the PLL, and the charge pump output is used as an error

signal. The PLL divides down the beat signal ∼100 times and compares it to the

reference signal. The charge pump integrates this comparison and produces an ex-

tremely sharp turn-on when one frequency is above the other. This is used as the

error signal to a loop-filter that feeds back on the current and PZT voltage of the
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Figure 2.6: A lead lag filter with transfer function Vo
Vi

= 1
50

(
200 + 1

1
300 + iω

3125000

)
.

Figure 2.7: An all pass filter (phase-shifter) with transfer function Vo
Vi

= iωRC−1
iωRC+1 .
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MC, locking it to the RP. Changing the reference to the PLL changes the MC fre-

quency accordingly; a fact we use to great effect in order to move the MC frequency

significantly for its various cooling and imaging roles. A straightforward calculation

using well-known spectroscopic tables of 87Rb shows that the beat frequency given

the above stipulations should be 6.425 GHz. In practice this is adjusted to optimize

the trapping and cooling efficiency.

(4.272 GHz−72.9 MHz−165 MHz)−(−2.563 GHz+193.7 MHz−21.5 MHz) = 6.425 GHz

The RP is locked to a Rb vapor cell and acts as the ultimate frequency reference

in the lab. Traditionally the error signal has been derived by a lock-in technique. By

passing a beam twice through a vapor cell the resulting photodiode signal will show

a Doppler-free absorption spectrum as the frequency of the laser is scanned [36],

a consequence of the forward and backward passing beams interrogating the same

stationary velocity class of atoms. Since the marginal difference in the amount of

scattered light decreases as the intensity of the incident light increases (i.e. the atoms

are a saturable medium) the atomic resonances will appear as resonant features on

top of the Doppler broadened spectrum, features that have approximately the native

linewidth of the atomic transition Γ. Additionally, there are Γ-wide features for

every pair of transitions at exactly the pair’s average frequency. These crossover

peaks correspond to atoms from a non-stationary velocity class experiencing both

beams, resulting in reduced absorption at that frequency. As an aside, the crossover

peaks may very well be as large or larger than the absorption peaks, making them

perfectly usable for locking. Spectroscopy of the D2 line from either the |F = 1〉
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or |F = 2〉 ground state yields six different Doppler-free peaks; three absorption

peaks and three crossover peaks. By modulating the frequency of the beam (using,

for instance a weakly driven electro-optic-modulator (EO)) and mixing the drive

frequency out of the photodetector signal, it is possible to obtain a lock-in signal

which is approximately the derivative of the spectroscopy signal. The sharp Doppler-

free resonances become dispersive features whose approximately linear slopes make for

good error signals. The problem with this method is that the dispersive features sit

on top of a broad Doppler-broadened absorptive feature; changes in the temperature

modify the width of this feature and in turn move the zero-crossing of the dispersive

feature, in effect forcing the laser to lock to a different non-resonant frequency.

This problem can be circumvented by making use of modulation transfer spec-

troscopy [37–42], a technique that takes advantage of the non-linear susceptibilities

of the atoms. The setup is not drastically different from Doppler-free saturated ab-

sorption spectroscopy, but now only one beam is modulated by the EO: the beam

that is not measured by the photodetector. In this way the effect of the modulation

is transferred from one beam to another, hence the name. This effect is nonlinear in

the intensity of the light; specifically the size of the signal scales with the intensity

of the light squared. For beams of fixed power passing through a vapor cell some

compromise must be made between the number of atoms interrogated, proportional

to the size of the beam, and the intensity squared of the beams, proportional to in the

inverse area squared. Like lock-in, this technique results in dispersive curves centered

at each resonance usable as error signals, but unlike Doppler-free saturated absorption

spectroscopy, there are no crossover features or Doppler-broadened background. It is

in this latter detail that the technique finds its use; the lock-point is much more stable
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to temperature variation. The cycling transitions provide the strongest response and

are thus best used for error signals, in direct contrast to Doppler-free saturated ab-

sorption spectroscopy where the cycling transitions give the weakest response. Since
85Rb is the more abundant isotope (∼8:3) its cycling transition was selected for use in

the modulation transfer lock. A straightforward calculation using well-known spec-

troscopic tables of 87Rb and 85Rb shows that the difference in frequency between the

desired frequency for the RP and the 85Rb is 5.277 GHz. This was accomplished by

passing the RP through a fiber EO driven by a ∼5.3 GHz signal. The sideband on

the light was used to generate the modulation transfer signal on the 85Rb cycling

transition while the RP was at the appropriate frequency for addressing 87Rb. The

microwave signal was generated by locking a Mini-Circuits VCO with a PLL. Inci-

dentally, this lock scheme allows for the controllable shift of the RP frequency during

the experimental run by changing the parameters of the PLL.

(384.230484 THz + 4.272 GHz− 72.9 MHz− 165 MHz)

− (384.230406 THz− 1.265 GHz + 100.2 MHz) = 5.277 GHz

2.4.1 Transport ODT

The design of the transport ODT is constrained in several ways. The 50 W 1064

nm IPG fiber laser is focused at the center of the magnetic trap in the production

chamber where it is involved in the trapping and cooling of the atoms during RF-

evaporation. Here it has the effect of pulling the atoms away from the magnetic field

zero, mitigating Majorana losses. Once this evaporation is completed the atoms are
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released from the magnetic trap and held solely in the ODT, which is used to transport

the atoms to the center of the cavity, 35 cm away. This transport is accomplished

by the translation of a single lens mounted on an air-bearing stage. The stage can

move the lens up to .5 m, which is more than enough to accommodate the separation

between the centers of the production and science chambers. The simplest design

would have a collimated beam with waist wc focused by a single lens on the stage

possessing focal length f . This results in a focused spot with waist w0 =
√

f2w2
cλ

2

π2w4
c+f2λ2 ≈

fλ
πwc

a distance∼ f after the lens. Translating the lens then has the effect of translating

the location of the spot in a 1:1 correspondence. Placing a pair of relay optics on

the stage is also an option, one which allows for a great deal of flexibility. However,

relay optics multiply transverse deviation of the beam, so that if the optics were

selected to multiply the translation of the focus per translation of the stage, that

same multiplicative factor would increase the deviation of the focal spot in plane per

deviation of the lens in its plane. As such, this susceptibility is minimized by limiting

the translated elements to a single lens. In selecting this lens there are limitations in

what is readily commercially available. A Thorlabs AC508-750-C-ML, f = 750 mm,

is selected to allow for enough distance between the production chamber center and

the lens, situating the lens at one end of the stage before translation.

In trapping the atoms in the production chamber, it is important to consider what

effect the beam parameters at the trap center (the beam waist) have on the atoms.

Decreasing the beam waists will increase the trap depth ∝ P
πw0xw0y

for the same power

P . A deeper trap will catch more atoms in the hand-off at the end of RF evaporation,

allowing for better loading of the ODT. Additionally, the trap frequencies depend on

the beam waists ωi ∝
√
P/w0i, and high trap frequencies are preferable in order to
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encourage good collisional properties during evaporation. All this implies that a tight

trap is preferable, something that can be accomplished by having a large collimated

beam focused by the translating lens. A beam with a 1 cm waist possesses a Rayleigh

range of 295 m, meaning it can be ‘collimated’ before being focused by the translation

lens to a waist of 25 µm. It turns out with these beam parameters, 10 W of laser

power is more than enough to trap sufficient atoms for a sizable BEC (> 105) in the

science chamber. However, the smaller the waists, the more rapid the expansion of

the beam as it travels to the the cavity, increasing the irradiation in a potentially

destructive manner. The amount of power incident on the mirrors and mount can

be estimated by integrating the Gaussian beam at the plane of the cavity while the

focus is at the center of the production chamber

2
√

2
π

√√√√ z2
r

w2
0 (z2 + z2

r )

∫ ∞
δ

e
− 2x2z2

r
w2

0(z2+z2
r)dx

where here, z is the direction along the beam and x is the transverse dimension. δ

is the height above the center of the cavity where the mirror edge begins, which is

∼ 2.5 mm. Under these assumptions, a waist of 25 µm would irradiate the cavity and

mount with as much as 2.8 W of laser power. The danger in this is overtly obvious,

as the cement holding the mirrors in place could potentially soften, ruining the cavity

coupling. The PZTs are also at risk, possessing a Curie temperature of 150 ◦C, above

which they cease functioning permanently. A simple solution is to increase the beam

waist. To this end, a beam waist of 100 µm would correspond to 151 µW of power

incident on the mirrors, a totally manageable number, as the thermal mass of the two

mirrors (Quartz glass cylinders, 6.35 mm long, 6.35 mm radius) is 2.6 J/◦C implying

a heating rate of 0.21 ◦C/hr if the laser were constantly on. In actuality, the ODT
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is on less than half the experimental cycle, so even if the experiment were being

operated continuously, the 40% duty cycle of the ODT would reduce the amount of

power incident on the mirrors. Increasing the waist by a factor of four would require

an increase in the power by a factor of 16 to obtain the same trapping parameters.

This would increase the heating rate of the mirrors to as high as 3.4 ◦C/hr, which is

not dangerous, but more importantly, would require a 160 W laser to generate the

ODT, which is an impossibility. 10-15 W is a safe and comfortable level at which to

trap the atoms, and all further calculations will assume an incident beam of 15 W

maximum.

A crucial detail is that the cavity makes for a small angular obstruction in the plane

perpendicular to the cavity axis. Previous calculations assumed that all the light not

passing between the mirrors was incident (and absorbed) by the cavity mirrors and

mount. However, since the waist of the beam is several times the width of the cavity

mirrors, a good amount of the light will simply pass to the sides of the mount, and

this is another reason that a smaller waist in that direction is preferable. Thus, the

final working design is an elliptical beam with w0x=50 µm, and w0y=70 µm. If all

the laser power not passing between the cavity mirrors were absorbed by the mirrors,

the heating rate would be 20 ◦C/hr, arguably too high for stable or safe operation of

the cavity. At this rate, the thermal wave will have propagated across the mirror in

L2/D ∼48 s, allowing the thermal mass of the mount to be considered in addition to

that of the mirrors. Including the quarter kilogram or so of stainless steel used in the

mount’s construction, the heating rate of the mount-mirror system can be as low as

0.4 ◦C/hr, and with the thermal diffusion of steel being a hundred-fold greater than

that of glass, the conduction through the material is not the limiting factor. Even if
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the cavity mount and mirrors were absorbing all the light not passing between the

mirrors, the heating rate would be negligible. This conclusion bears out in practice

as running the ODT only marginally affects the cavity lock, an indication of the low

heating of the mirrors, which should have each increased in length by 70 nm in an

hour under these conditions, well within the range of the feedback PZT.

Working backwards from the atoms, a ∼5.1 mm beam at the focusing lens would

be necessary to create the desired 50 µm waist. At this point, the simplest approach

to obtain the desired waist would be to (again, going backwards) shrink the beam

with a 7:1 telescope so it fits through the AO, and then expand it again with a 3:1

telescope, ‘resulting’ in a beam with a 1.65 mm waist, exactly what emerges from the

IPG fiber. The difference in the beam waists is created with a pair of cylindrical lenses

forming a telescope. The lenses have focal lengths 60 mm and 50 mm and the first of

the two is placed after the AO. Shrinking the beam in the vertical direction has the

effect of creating a larger waist in this dimension at the focus. The problem with this

approach is that the focus occurs 75 cm after the final focusing lens, requiring it to

be less than 35 cm from the end of the stage. Iterating through the available optics,

it became clear that an 850 mm achromat would ideally replace the 750 mm focusing

lens previously selected. Not finding one from Thorlabs, a compromise was reached

by relaxing the requirement that the beam focused by the final lens be collimated.

A diverging beam will focus to a smaller spot than one which is collimated, and at a

farther distance as well. The only caveat is that the ratio of focal translation to stage

translation is no longer unity, and the stage must move ∼39 cm to move the atoms

35 cm. Additionally, the waists get smaller during this translation, resulting in a trap

in the science chamber with the same ellipticity, but with waists 80% what they were
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in the production chamber, increasing the trap frequencies and actually improving

evaporation.

A straightforward ABCD matrix simulation of the beam parameters is as follows

~qx = L[.75]FS[xt + .6]L[.5]FS[.44]L[.05]FS[.79]L[.05]FS[.2]L[.15]FS[.49]~q0

~qy = L[.75]FS[xt + .6]L[.5]FS[.44]L[.05]FS[.03]L[.05]FS[.11]L[.06]FS[.65]L[.05]FS[.2]L[.15]FS[.49]~q0

Where ~qx and ~qy are the complex q parameters for the two directions after the

last focusing lens, xt is the translation distance of the lens, either 0 or .39 depending

on whether the atoms are in the production or science chamber, and ~q0 =
(
iπw2

IPG/λ
1

)
is the complex q parameter for the beam emerging from the fiber laser with wIPG =

1.65 mm. FS[d] and L[f ] are the ABCD matrices for free space propagation a distance

d and transmission through a lens of focal length f respectively.

The two ABCD matrices are reproduced here for convenience

FS[d] =

1 d

0 1



L[f ] =

 1 0

− 1
f

1


Finally, knowing the waists it is straightforward to calculate the trap frequencies

assuming a harmonic potential [43], which is a useful assumption so long as η =

Ud/kBT > 10, where Ud is the trap depth. For 87Rb when the frequency of the trap

beam is far enough from the D1 and D2 resonances so as to average over the hyperfine
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structure (as is the case for 1064 nm light), the expression for the trap depth of a

Gaussian beam is

Ud = 2P
πw0xw0y

(
πc2

2ω3
2
Γ2

2
ω2 − ωd

+ πc2

2ω3
1
Γ1

1
ω2 − ωd

)

Where ω1,2 and Γ1,2 are the resonant frequencies (in rad/s) and spontaneous emis-

sion rates of the D1,2 lines respectively. ωd is the frequency of the trapping light, and

c is the speed of light. The trap frequencies (in rad/s) are given in terms of the trap

depth by

(ωx, ωy, ωz) =
√ 4Ud

mw2
0x
,

√√√√ 4Ud
mw2

0y
,

√√√√λ2U

π2m

(
1
w4

0x
+ 1
w4

0y

)
For a two-beam crossed dipole trap the trap frequencies are given by ωi =

√
λi/m

where λi are the eigenvalues of the following matrix


4Uc cos2 θ

w2
c1

+ 4Ut
w2
t1

0 4Uc cos θ sin θ
w2
c1

0 4Uc
w2
c2

+ 4Ut
w2
t2

0
4Uc cos θ sin θ

w2
c1

0 4Uc sin2 θ
w2
c1


Here Ut,c is the trap depth of each beam, wt,c are the waists of each beam along

their tight axes, and θ is the angle between the beams. This is assuming that one

principal axis of each beam coincides.

2.4.2 Cross Optical Dipole Trap

Once the atoms are successfully transported between the cavity mirrors, a second

ODT is used in conjunction with the transport ODT in the final evaporation step.
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A single beam ODT is too loose along one direction to efficiently evaporate the gas;

the evaporation rate is severely limited by what is almost always no more than a

confinement of several Hz. Trapping the atoms in a second beam is an extremely

effective approach to countering this problem. The difference in ω̄ between a single

beam trap and a crossed trap can be several orders of magnitude, vastly enhancing the

evaporation procedure. This technique has been used to great effect in producing a

BEC entirely through optical cooling, trapping, and evaporation [44–46], eliminating

the need for high-current magnetic traps. Evaporation from an all-optical trap is also

quite fast; runaway evaporation cannot occur in a single beam ODT because of the

specific way in which the trap depth is coupled to the trap frequencies [47]. This

constraint is not present in a crossed or multi-beam OD, allowing for the achievement

of very fast and efficient evaporation [48, 49]. A 50 W Nufern Fiber Amplifier is used

for this purpose.

The cross ODT is designed to have a secondary utility as well; by passing the beam

through an acousto-optic-modulator (AO) and correctly selecting the downstream

optics it is possible to transform the angular deviation of the beam by the AO into

parallel deviations of the beam at the location of the atoms. This has the effect

of translating the atoms along the direction of the transport ODT in a controllable

and reproducible manner; simply by changing the frequency of the signal driving

the AO the location of the trap can be adjusted. As long as this translation is not

larger than the Rayleigh range (∼ 4 mm) of either beam the trapping will not be

changed significantly and the same evaporation ramp can be used. Furthermore, by

modulating the frequency driving the AO at a rate faster than the trap frequencies

it is possible to create wider traps, or even a series of separated traps, by ‘smearing’
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the trap over a wider area in a time-averaged manner. The means by which this is

accomplished is by positioning a single lens downstream of the AO, a focal length

away. Understood through geometric optics, the lens has the effect of transforming

angular deviations from the AO into parallel, translational deviations. Additionally,

it has the effect of focusing the beam a focal length away. If the atoms were located

at this plane then changing the frequency of the signal driving the AO would have

the desired effect, sliding the focus of the beam transversely. If, however, the atoms

are not located at this plane then the focus has to be relayed to the atoms, which

is accomplished by a series of telescopes. The introduction of a telescope into the

beam path downstream of the focusing lens maintains the geometric condition while

refocusing the beam in a plane past the telescope.

In the case of the ODT a number of different criteria had to be met. The focus

of the beam had to be located ∼30 cm past the final lens in order to accommodate

additional optics as well as the distance between the viewport and the atoms. The

waist of the beam was chosen to be 40 µm, mimicking the transport ODT. Each

lens in the design had to be chosen specifically to meet these conditions. What was

settled on is as follows. In order to improve stability and improve beam quality the

Nufern was coupled into a Thorlabs single mode polarization maintaining fiber with

a quoted numerical aperture (NA) of 0.12. Exiting the fiber the light is collimated

by an 8 mm aspherical lens and aligned into the AO. The first order mode of the

AO is centered on a 75 mm lens, the lens which transforms angular deviations into

parallel translations. The beam is then centered on a 2:3 telescope made of a 50 mm

lens preceding a 75 mm lens. The result is a beam with a predicted and measured

40 µm waist. The result of the geometric optics assessment is that the beam will
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translate 11 cm for every radian of angular deviation at the AO. Using the standard

formula for AO deflection, θD = λfa/v, where λ is the optical wavelength, fa is the

frequency of the signal driving the AO, and v is the acoustic velocity in a quartz AO,

this implies that 50 kHz of modulation is necessary to translate the beam by 1 µm.

Evaporation from the cross is accomplished by decreasing the power in the two

beams according to power-law ramps Pi(t) = Pi
(1−t/τi)γi , with ramp parameters τi and

γi. This function has the property that it forces evaporation to occur quickly at the

onset and more slowly at later times in order to accommodate the decreasing trap

frequencies of the trap. The ramp parameters are adjusted iteratively in order to

maximize BEC purity and number, which are assessed by time-of-flight (TOF) ab-

sorption images. A good approximation when the gas isn’t too dense [50] is to treat

the gas as a non-interacting two-component system. The BEC is in thermal equilib-

rium with a non-condensed fraction and the two expand independently in TOF. In

a harmonic trap under this approximation the density of the thermal component is

Gaussian ρ(x) ∝ exp
(
−β(1

2m
∑3
i=1 ω

2
i x

2
i )
)
and condensation occurs when the temper-

ature T = 1
βkB

reaches the critical temperature in the trap Tc = ~ω̄
kB

(
N
ζ(3)

)1/3
, where ω̄

is the geometric mean of the trap frequencies (rad/s), N is the total number of atoms

in the trap, and ζ(3) ≈ 1.2 is the Riemann-Zeta function [51]. Lowering the temper-

ature below Tc increases the condensate fraction according to f0 = 1 −
(
T
Tc

)3
. This

analysis comes out of a statistical treatment of the Bose gas; interactions amongst the

atoms renormalize both Tc and f0 in a well-understood way. Free from interactions

the thermal component of the gas remains Gaussian during TOF, and thus appears

Gaussian in absorption imaging since the column integral of a Gaussian cloud is also

Gaussian. Finally, the line integral in 1D is also Gaussian.
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The atoms of the BEC interact primarily through s-wave contact interaction,

which is a manifestation of van der Waals forces between the atoms. p-wave and

higher order scattering terms are frozen out by a centrifugal barrier at such low

temperatures, and dipole-dipole (and other magnetic multipole interactions) play a

significantly reduced role in Rubidium scattering, but are dominant in dipolar gases

like dysprosium [52]. Contact interactions like this can be treated in a mean-field

way by the Gross-Pitaevskii equation, which includes an interaction term NU |ψ(x)|2

in the Hamiltonian. Here N is the number of atoms and the interaction parameter

U is related to the s-wave scattering length by U = 4π~2as/m. In 87Rb as ≈ 100a0

where a0 = ~
mecα

is the Bohr radius. For a sufficiently dense cloud of atoms the mean-

field interaction energy dominates the kinetic energy of the gas, allowing the use of

the Thomas-Fermi (TF) approximation to describe the density of the gas. The TF

approximation provides an especially simple treatment for the density of a trapped

gas, ρ(x) ∝ µ−V (x) where the chemical potential µ constrains the number of atoms in

the trap and V (x) is the trapping potential. The TF density has an unnaturally sharp

change at the edges of the cloud; in reality this sharpness is softened by the kinetic

energy and rather than ceasing discontinuously, the density falls off exponentially

in spherical coordinates ∼ exp (−2
3s

2/3) where s = (r − R)/(a4
ho/2R)1/3 is a non-

dimensional length [53]. Here R = aho(15Na/aho)1/5 and aho is the harmonic oscillator

length. For traps used in this experiment the extent of this region is only a few

hundred nanometers and implies a tiny modification on the TF density. Absorption

imaging produce a two dimensional image which in a low-intensity limit is the three

dimensional density integrated along the imaging axis
∫
ρ(x)dz. For a TF density

integrated along one of its principal axes in imaging, and then numerically (again
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along a principal axis) to produce a one dimensional line density, expressions for the

TF density are as follows

ρ(x) =
µ− 1

2m
∑3
i=1 ω

2
i x

2
i

U

ρ2D(x) =
4
(
µ− 1

2m
∑2
i=1 ω

2
i x

2
i

)3/2

3U
√

mω2
z

2

ρ1D(x) =
π
(
µ− 1

2mω
2
xx

2
)2

2U
√

mω2
y

2

√
mω2

z

2

If the imaging or numerical integration is not performed along a principal axis the

forms of the equations are the same, e.g. ρ2D(x) = c1 (c2 − cxx2 − cyy2)3/2 but the

coordinates x and y are a new set of projected principal axes, and the constants ci

are functions of the trap frequencies, chemical potential, and Euler angles describing

the cloud’s orientation. A partially condensed cloud will possess a density that is the

sum of a thermal Gaussian and a TF distribution; fitting to this bimodal distribution

is the hallmark of the onset of condensation.

2.5 Cavity

In extending the study of self-organization phenomena in cavity-QED systems to

include phase transitions marked by continuous symmetry breaking, it is important

to control the number and density of available cavity modes into which the atoms can

self organize, from a single mode to a continuum of modes. While there are many

types of degenerate optical resonators, a confocal cavity (L = R) was selected for its

mechanical stability; if the mirrors drift with respect to each other the mode of the
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cavity is shifted on the mirror’s surface by only a marginal amount. In contrast, for a

concentric cavity (defined by L = 2R), not only is the cavity only marginally stable

with regards to its length, but any drift of the mirrors will result in a cavity mode

which quickly falls off the mirrors. Mechanical stability of the cavity is especially

important for this particular implementation as the cavity length is adjustable in-

vacuum. This cavity length is changed by activating a Attocube nanopositioning built

into the cavity mount. Imperfections in the assembly of the cavity and mount make

it impossible to guarantee that the axis along which the cavity mirror is translated is

the same as the cavity axis along which the mode lives. The mechanical stability of

confocal cavities obviates the need for any further (coarse) control of the orientation

or position of the cavity mirror; when the length is changed the cavity mode may

reorient itself, but by so little as to be irrelevant. While the nanopositioning stage

determines the cavity’s length coarsely, a single-crystal PZT attached to the other

mirror is used to length-stabilize the cavity through active feedback. An error signal

is obtained by the Pound-Drever-Hall (PDH) technique [54]. The PDH error signal,

as depicted in Fig. 2.8, actually has three usable lock points; the cavity can be locked

such that a resonance is at the carrier frequency ωc or at either sideband frequency

ωc±ωm. This is advantageous as locking on the carrier results in a large cavity field;

100 µW of light incident on the cavity is enhanced by as much as F/π = 18000

times, producing a 2 W trapping potential in the cavity. This potential can be used

to determine the center of the cavity mode, to assist in evaporation, or to hold the

atoms for self-organization studies. Alternatively, locking on a sideband puts almost

no light in the cavity whatsoever; the strength of the PDH signal is proportional to

the product of the carrier and sideband intensities, meaning that a weak sideband
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can be compensated for by a strong carrier. Locking at the sideband frequency, there

is so little power in the sideband as to not affect the atoms in any noticeable manner.

Figure 2.8: A simulation of a Pound-Drever-Hall error signal showing three lock
points. The three dispersive features are extremely linear around the zero-crossings
and thus are effective as error signals.

The cavity is locked by filtering the PDH error signal and driving the single

crystal PZT holding the bottom mirror. If the response of the PZT were flat, a

simple PI control scheme might be sufficient. However, in trying to lock the cavity

it was discovered that the plant response possessed a number of resonant features

that would destabilize a conventional lock scheme. These features were discovered

through interferometric measurement of the mirrors’ response. By using the flat

backside of each mirror in turn as one port of a Michelson-Morley interferometer and
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then driving the associated piezo with a swept-sine, it was possible to measure the

electro-mechanical response of the system. To reduce noise in the measurement one

of the two interferometer beams was the first order of an AO driven by 60 MHz, which

was then mixed out of the photodetector signal. Additionally, the PD response was

fed to the measured piezo in order to loosely lock it to the laser frequency, further

improving data quality.

Two important features were discovered in these measurements. In the response

spectrum of the Attocube piezo there is an enormous feature located at at ≈ 120 Hz,

and this response curve is shown in Fig. 2.9. Despite being suspiciously close to twice

the mains frequency, e.g. 2×60 Hz, no other harmonics are visible in the spectrum

and it is almost certain that the feature is a mechanical resonance of the mount or

Attocube. This feature implies a frightening ability of the system to pick-up noise at

this frequency, and as a consequence the controller should exhibit a similarly enhanced

amount of gain at this frequency to suppress the noise.

An active resonant filter, whose basic structure is shown in Fig. 2.10, was devel-

oped to enhance the gain in this band. This filter exhibits the Sallen-Key topology

with an independently adjustable resonance and quality factor, and in this implemen-

tation increases the gain at 120 Hz by ∼20 dB.

The transfer function of the filter is given by the following expression. While

somewhat complicated, the form of the transfer function is that of a damped res-

onator.

iC1R2R3ω(R4 +R5)
iω(C1R2R5(R1 +R3)− C1R1R3R4 + C2R3R5(R1 +R2))− C1C2R1R2R3R5ω2 +R5(R1 +R2)
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Figure 2.9: Interferometric response of a cavity mirror, mounted on an Attocube
nanopositioning stage, whose piezo is driven by a swept-sine. There is a strong
susceptibility at 120 Hz that requires enhanced gain at that frequency to suppress.
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Figure 2.10: The Sallen-Key topolgy can be used to create a wide variety of active
resonant filters with independently tunable resonant frequencies and quality factors.
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Useful for the design of such a filter are the resonant frequency ω0, and the quality

factor Q are

ω0 =
√
R1 +R2√

C1C2R1R2R3

Q =
√
C1
√
C2
√
R1
√
R2
√
R3
√
R1 +R2R5

C1R1R3R4 −R5(C1R2(R1 +R3) + C2R3(R1 +R2))

A simulated phase and amplitude response of the filter is shown in Fig. 2.11 and

Fig. 2.12.

Figure 2.11: The amplitude response of the filter used to enhance the gain at 120 Hz.
In this simulation the response is almost 80 dB, showing the potential for this topology
to provide extremely strong and narrow amplification.

Performing the interferometry on the feedback PZT results in the curve shown in

Fig. 2.13. While it is perhaps unreasonable to expect a large single-crystal PZT to

have a flat response beyond 1 kHz, the dispersive features at 3.5 kHz and 6.5 kHz

may be significantly limit the efficacy of the feedback. These features are the result of

electromechanical resonances in the PZT and prevent PI control from being effective

at these frequencies. One solution would be to limit the bandwidth to below the

features, but it is highly preferable to extend the bandwidth and cancel these features,
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Figure 2.12: The phase response of the filter used to enhance the gain at 120 Hz. As
expected from a resonant feature the filter has 180◦ phase shift across the resonance.

an approach which proved feasible. A resonant circuit was built to have the same

dispersive lineshape as the 3.5 kHz feature observed in the response spectrum; putting

this filter in front of the PZT has the effect of flattening the plant gain. Only the

3.5 kHz feature was cancelled, as it was assumed (and borne out to be true) that

5 kHz was sufficient to adequately lock the cavity.

The filter used to produce this response is shown in some detail in Fig. 2.14.

The filter’s transfer function is written out below.

R8

R5

i(R3 +R4)
C1R1R3ω +R4 (−iC1C2R1R2ω2 − C2ω(R1 +R2) + i) −

R6

R5
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Figure 2.13: Interferometric response of a cavity mirror, mounted on a single-crystal
PZT which is driven by a swept-sine. There is a dispersive feature at 3.5 kHz, probably
of electro-mechanical origin, that makes feedback at that frequency impossible.
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Figure 2.14: The dispersive feature is created by adding a resonance to a flat back-
ground, turning the 180◦ phase shift into an amplitude shift.



Chapter 3

Digital Micromirror Device

3.1 Overview

The Digital Micromirror Device (DMD) used in this project, a Texas Instruments

DLP4500NIR, is an array of 912×1140 individually addressable aluminum mirrors.

These mirrors are arranged on a rectangular substrate on which I designate a right

handed coordinate system wherein the unit vector pointing down the long edge of

the rectangle is x̂ = (1, 0), and the unit vector pointing along the short edge of the

rectangle is ŷ = (0, 1). Each mirror is square and measures approximately 10.8 µm

on the diagonal. The mirrors are arranged in a square lattice with a lattice constant

of a = 7.6 µm whose lattice vectors ~u1 = a√
2(1, 1) and ~u2 = a√

2(1,−1) are rotated 45◦

with respect to x̂ and ŷ. With incredible improvements in nano-fabrication technology

over the past decade perhaps it is no surprise that each tiny mirror be actuated and

tilted ±12◦ with respect to the DMD surface. The axis of rotation for the mirrors is ŷ.

A binary bitmap file (.bmp) with the resolution of the DMD is used to simultaneously

address all the mirrors at once, where a value of ‘1’ tilts a mirror to one position,

44
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and a value of ‘0’ tilts it to the other. Because the lattice vectors of the DMD array

are tilted with respect to the DMD surface, indexing the mirrors is done in a highly

non-intuitive manner.

Fig. 3.1 shows the numbering of the pixels; pixels in the same column offset by 1

row are separated by alternating lattice vectors. Pixels in the same row offset by 1

column are separated horizontally by a combination of the lattice vectors ~u1+~u2. This

confusing system leads to the surprising fact that the ŷ direction, which corresponds

to the shorter side of the DMD, contains 1140 rows, while the longer side has fewer

columns. The vertical separation between mirrors in adjacent rows is a
√

2, while the

separation between mirrors in adjacent columns is twice that. As a consequence, the

vertical extent of the DMD is ∼6.1 mm, while the horizontal DMD of the mirrors is

∼9.8 mm. Once a mapping between the pixels of the .bmp image and the mirrors of

the DMD is made, it is straightforward to convert between the two, but dealing with

this fact can be confusing at first.

The mirrors, angled as they are and regularly arranged on a square lattice, con-

stitute what is known as a blazed grating. A blazed grating scatters light by two

mechanisms; incident light is diffracted by the regular array of scatterers, and re-

flected specularly by each scatterer which in this case is a small mirror. If one of the

diffraction orders is in the same direction as the reflected light, the fraction of light

scattered in this order will be maximized. In this case, the DMD is a 2D grating, and

the blazing condition can only be met if the incident and scattered light is in a plane

orthogonal to the mirrors’ axis of rotation ŷ.

A more in-depth analysis of the blazing condition begins with a coordinate sys-

tem; the coordinates parallel to the surface of the DMD are x̂ and ŷ, and the third
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Figure 3.1: A schematic of the DMD showing how the pixels are numbered and
arranged. Reproduced from [55].



CHAPTER 3. DIGITAL MICROMIRROR DEVICE 47

Figure 3.2: A schematic of a blazed grating showing the blazing angle θB as well as
the path traced by a ray of light reflecting off the surface. Reproduced from [56].

orthogonal coordinate is ẑ. The light incident on the surface of the DMD has a k-

vector ~k = k(sin θi, 0, cos θi) and can be divided into a part perpendicular to the DMD

surface and a part parallel to the DMD surface, ~k = ~k‖ + ~k⊥. After reflecting off the

mirrors’ surface, the resulting k-vector is ~kr = ~k − 2(n̂ · ~k)n̂, where n̂ is the mirrors’

surface normal n̂ = (sin β, 0, cos β) where β = ±12◦ = ±π/15. The resulting reflected

beam is

~kr = −k sin(2β − θi)x̂− k cos(2β − θi)ẑ

Diffraction off a grating can be understood as adding an integer number of recip-

rocal lattice vectors to the in-plane component of the incident light beam, effecting

the transformation ~k‖ → ~k‖+m~K1+n ~K2 form,n ∈ Z. The perpendicular component

must then be modified to satisfy energy conservation, i.e. |kd| = |k|. In the case of

a 2D square lattice the reciprocal vectors are
√

2π
a

(1, 1, 0) and
√

2π
a

(1,−1, 0), and the

locations of the diffraction orders are given by
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~kd =
(√

2π(m+ n)
a

+ k sin θi
)
x̂+ 1

a

√
2π(m− n)ŷ+

1
a

√
a2k2 cos2 θi − 2π

(√
2ak sin θi(m+ n) + 2π (m2 + n2)

)
ẑ

To keep the diffracted beam in the x − z plane, m must equal n, and the above

expression simplifies to

~kd =
(

2
√

2πn
a

+ k sin θi
)
x̂+

√√√√k2 −
(

2
√

2πn
a

+ k sin θi
)2

ẑ

The blazing condition is met whenever ~kd = ~kr, which occurs for 780 nm light when

n = 0, 1 , 2, corresponding to angles of θi = 78◦, 98.3◦, 122◦ with respect to vertical.

Understanding this is not necessary to operating the DMD; simply positioning it in

such a way that it is uniformly illuminated and the light from the ±12 mirrors can

be separated is sufficient. However, considering the laser power lost into all the other

orders it may be prudent to establish the blazing condition at first. Once the DMD

has been placed, a Fourier lens is selected and put approximately a focal length’s

distance down the path traversed by the desired (‘on’) DMD light. Placing a camera

a focal length’s distance from the lens and imaging the light, the field at the camera

plane should be approximately the Fourier Transform of the field at the DMD plane.

The waist of a Gaussian beam in the image plane is 2f/kw0 when starting with a

waist w0 in the DMD plane. In this project the test cavity was a confocal cavity made

from 2 cm mirrors whose waist is 49 µm at the center of the cavity. Since the largest

waist possible on the DMD is approximately 2 mm, a 200 mm focal length lens would

result in a 25 µm waist, on the order of the cavity mode.
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Since the DMD is to an excellent approximation acting as a binary amplitude

grating, algorithms from the field of digital holography can be used to design masks

for the DMD. However, it will quickly be discovered that aberrations in the optical

system as well as errors made in placing the components will prevent the planes from

truly being Fourier Transform pairs. Figure 3.3 shows the result of an attempt to

produce a tight spot (an approximate delta function) in the camera plane by virtue of

putting a grating in the DMD plane. A calibration procedure is necessary to measure

the optical aberrations and cancel them, enforcing the Fourier reciprocity between

the two planes. Figure 3.4 shows the result of including the aberration cancellation

into the Hologram design. The spot is extremely sharp on the CCD camera.

The calibration procedure yields a phase mask φ∆(x, y) that can be understood

as the optical phase difference between light reflected from different parts of the

DMD. This mask represented in the real-space coordinates of the DMD surface can

be included in hologram design to cancel aberrations. Figure 3.5 shows one such

mask derived from raw data. Figure 3.6 is an unwrapped version of the same mask

and demonstrates the scale over which the aberrations occur. The resolution of the

calibration procedure is certainly high enough to capture the aberrative features.

The pixels on these masks represent superpixels, or groups of pixels on the DMD.

The mask is processed further to be full-sized over the surface of the DMD so that

each mask pixel corresponds to a single DMD mirror, and then that phase mask is

incorporated into the design of every hologram used in this thesis. After implementing

this calibration procedure the DMD can be used for full phase and amplitude control

of the field in the imaging plane. In the methodology chosen for this study a grating

is necessary to impart phase control; using different algorithms and methodologies it
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Figure 3.3: Attempt to produce a sharp spot with by writing a grating on the DMD
and imaging the Fourier plane. Placing the Fourier lens approximately in the correct
location with respect to the image plane and the DMD plane results in a poorly
focused spot suffering from aberrations.
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Figure 3.4: After incorporating the aberration-canceling phase mask into the holo-
gram design, the resulting spot is extremely sharp. The Image is saturated to show-
case the higher order peaks, but the maximum intensity of the central peak is > 100×
the maximum intensity of the satellite peaks.
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is possible to neglect either phase or amplitude in favor of the other, a quality useful

for the construction of off-resonant light traps [57]. Closed-loop optimization schemes

can readily be applied by measuring the amplitude of the field [58], but feeding back

on the phase of the desired field is a more involved process. Performing feedback

on a mask coupled to a cavity mode is certainly possible if the cavity is locked and

repeatable transmission measurements can be obtained.

3.2 Theory of the Paraxial Cavity

The spectroscopic properties of an ideal Fabry-Pérot cavity are well described by

paraxial wave theory [59]. The results of such analyses are two-fold: first, the modes

themselves are Hermite-Gauss (HG) beams. Indeed in practice, the fundamental

mode of a cavity is nearly indistinguishable from an ideal Gaussian beam, even when

using spherical, rather than parabolic, mirrors. Second, the frequencies (in Hz) of

these modes are given by

fqmn = c

2L

(
q +

m+ 1
2

π
arccos√g1xg2x +

n+ 1
2

π
arccos√g1yg2y

)
, (3.1)

where c is the speed of light in the cavity, L is the length of the two-mirror resonator,

gij = 1 − L
Rij

, and Rij is the radius of curvature (ROC) of the ith mirror in the jth

direction. These denote orthogonal Cartesian axes. This formula captures many of

the salient features of optical resonators. In a symmetric cavity where all ROCs are

equal, the cavity may exhibit degenerate configurations at particular ratios of cavity

length to ROC wherein a class of spatially incommensurate modes have identical

resonant frequencies. Specifically, this degeneracy can occur when the Gouy phase
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Figure 3.5: The DMD calibration procedure measures the optical phase difference
between every pair of super-pixels on the surface of the DMD. This information is
encapsulated in a 48×30 .bmp image (top) where each pixel is real-valued ∈ [−π, π].
An unwrapped version of the phase mask is shown as well (bottom), clearly showing
that the phase variation is smooth at this resolution. In principle either image can
be decomposed in the Zernike polynomials, giving some insight into the nature of the
aberration.



CHAPTER 3. DIGITAL MICROMIRROR DEVICE 54

Figure 3.6: The fully processed phase mask embedded in a rectangular domain where
locations in the array have a one-to-one spatial correspondence with the centers of
the DMD pixels.
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arccos(±g) is, e.g., 0 for planar cavities, π/2 for confocal cavities, and π for concentric

cavities.

The ideal confocal cavity is one well-known example of a degenerate two-mirror

resonator; a confocal cavity’s length is equal to the ROC of its mirrors L = R.

The mode-spectrum separates into two degenerate families alternating every half free

spectral range (FSR), where an FSR is equal to c
2L . One degenerate family consists

of all the even modes with m + n ≡ 0 mod 2, while the other consists of the odd

modes with m + n ≡ 1 mod 2. It is worth noting that the azimuthal invariance in

ideal confocal cavities means that the eigenmodes are also well-described by Laguerre-

Gauss functions, complex admixtures of the real-valued HG functions.1

The practicalities of mirror fabrication and mounting often break the mode degen-

eracy2; even if the mirrors are perfect paraboloids, they are unlikely to have the same

four curvatures and same axial alignments. In these realistic cases, the spectroscopy

of the near-confocal cavity is marked by two energy scales for the HG modes. The

first, ∆E1 = c(δL − δR)/πR2, is the frequency difference between families of different

m+ n, where δL = L− R and δR = R̄i − R̄j. Here, R̄i = (R1i + R2i)/2, where R1i is

the ROC of mirror 1 along direction i, etc. The second energy scale is ∆E2 = cδR
2πR2 ,

which is the energy offset between modes within the same family. This picture is

complicated by the fact that the cavity mirrors may not be mounted in such a way

that the principal axes of the two mirrors are co-planar. Moreover, mixing of the ideal

HG modes into a non-uniform ∆E2 spectrum within modes of a family arises from

aberrations in the shape of the mirror, e.g., spherical aberration, beyond-paraxial
1More generally, the Ince-Gauss modes provide a smooth crossover between these two families

and are useful in describing real cavity modes where mode-mixing is present.
2Additionally, the two polarizations of each mode can be frequency-split by birefringence in the

mirror and its coatings exacerbated by strain caused by the mounting supports, glue, etc.
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effects in the propagation of the light, and defects on the mirror surface. This mixing

increases as the modes begin to overlap in frequency as degeneracy is reached.

Figure 3.7: Overview of the experiment. Laser light at 780.23 nm is incident on the
DMD. The ‘on’ pixels direct the light into the cavity via the first-order diffraction
peak of the programmed holographic grating. The light reflected from the ‘off’ pixels
is caught by a beam block (not shown). The light emitted by the cavity is analyzed by
a photodetector and a CCD camera. The computer can analyse the images for mode
content or generate the aberration-canceling phase mask. Software communicates a
binary mask file to the DMD, called the DMD mask, for arbitrary field generation.
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Figure 3.8: An example of the window functions used in calibrating the DMD along
with the associated interference patterns in the far field. a) Schematic of two activated
regions containing a phase-coherent grating. In the actual DMD, the 912×1140 pixels
are grouped into 1,440 rectangular regions, each of which is 19×38 pixels in extent. b)
The interference pattern generated in the Fourier plane by a DMD programmed with
the above mask. The phase of the fringe pattern reflects the φ∆(∆x,∆y) accumulated
due to aberrations. c) The real and d) imaginary parts of the numerical Fourier
transform of the interference pattern shown in panel b). The function describing the
fringes in panel b) is cos2(k1x

′+ k2y
′), meaning that in the Fourier space of panels c)

and d), the spots are at ±(k1, k2) and (0, 0). The orientation of the fringes in each
spot in c) and d) reflects the real space orientation of the DMD grating in panel a).
For ease, the phase φ∆(∆x,∆y) is found not by analysing the fringes in panel b), but
by taking the difference in phase between the pair of fringes marked by white circles
in panel c) and d).
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3.3 DMD Calibration and Usage

The DMD is positioned at one plane of a 2f imaging system; in the paraxial

limit, the electric field in this plane is connected to that in another plane by a Fourier

transform. See Fig. 3.7. This transform scales one set of spatial dimensions by k/f

with respect to the other, where k = 2π/λ is the wavenumber of the laser field. As

such, a delta function in one plane δ(x− x0)δ(y− y0) corresponds to a plane wave in

the other plane exp[ik(x′x0 + y′y0)/f ], where (x, y) and (x′, y′) are pixel coordinates

in the DMD and image planes, respectively. It is this duality which allows us to use

the DMD to generate arbitrary field profiles in the image plane using one of several

algorithms known from digital holography [60, 61].

A necessary step before the DMD can be used to accurately produce field profiles

is the measurement of aberrations in the optical system, including the DMD itself [62].

The protective glass of the DMD is known to be under stress from manufacturing and

thus exhibits non-uniform strain. It is possible to characterize these aberrations by

measuring the phase shift imparted onto a set of orthogonal basis functions generated

at the DMD plane [63]. Locally adding phase shifts in the DMD plane provides full

phase control of the holographic image for either aberration removal, phase-sensitive

image construction, or both simultaneously.

For a binary amplitude mask like a DMD, one way to add phase to the field in the

image plane is to include a grating into the mask design. This is accomplished by using

the DMD mask to modulate the amplitude of the field at the DMD plane via the grat-

ing function cos2(kxx+ kyy+ φm(x, y)), where φm contains all the phase information

of the mode and kx = kx0/f and ky = ky0/f . For simplicity, we choose approximate

delta functions as our set of nearly-orthogonal basis functions since they are both
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orthogonal in the DMD plane and in any downstream plane. We approximate delta

functions by partitioning the 912×1140 mirror-pixels of the DMD into 1,440 individ-

ual 48×30 rectangular regions. Examples of two such windows are shown in Fig. 3.8a.

The finite size of these window regions provides space within which to overlay phase-

coherent grating functions. The specific size is chosen as a balance between making

them small enough to provide many partitions of the full DMD array—thereby provid-

ing high resolution for aberration correction—while also ensuring that each window

is not too small, such that the transform-limited spot-size is not too large in the

Fourier-image plane. Setting φm(x, y) = 0 for the present discussion, each orthogonal

basis function has the approximate form of cos2
(
k
f
(xx0 + yy0)

)
Π(x−xc

w
)Π(y−yc

h
) at the

DMD plane, where Π(x) is the rectangle function, (xc, yc) is the center of the region,

and w and h are the width and height of the region, respectively. Turning on any two

windows—defined by differing (xc, yc)—yields two interference patterns in the image

plane centered at ±(2x0, 2y0), as shown in Fig. 3.8b. Each of these has the form

cos2( k
f
(x′∆x + y′∆y)), where ∆x and ∆y are the separation in x and y in the DMD

plane between the two centers of the window regions.

Aberrations in the imaging system are determined by measuring the phase shift

in the image plane acquired by light reflected from these window regions in the DMD

plane. In the presence of aberrations in the optical path, the interference pattern

shown in Fig. 3.8b is modified to be cos2( k
f
(x′∆x+ y′∆y) + φ∆(∆x,∆y)), where the

phase φ∆(∆x,∆y) is that which is accumulated due to the particular optical aber-

ration encountered by the light propagating from the window region to the image

plane. The phase of this pattern is easily obtained by taking the Fourier transform

of the interference pattern, which produces three complex-valued intensity features.
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These can be split into a real-valued image and an imaginary-valued image, as shown

in Figs. 3.8c and d. The phase φ∆(∆x,∆y) is found by taking the difference in

phase between the pair of fringes marked by white circles in Figs. 3.8c and d. The

φ∆(∆x,∆y) is then measured for all windows tiling the DMD pixel area. We employ

this procedure by fixing one window in the center of the DMD pixel array while an-

other window is sequentially tiled over all other window regions. Together this allows

one to determine a phase mask that is a full representation of the linear aberrations

of the optical system. The inverse of such a mask can be superimposed onto any

hologram mask programmed into the DMD for the purpose of cancelling these aber-

rations. In this fashion we are able to produce high-fidelity representations of desired

field mode profiles.

3.4 Experimental outline

The DMD used is a Texas Instruments DLP4500NIR consisting of 912×1140 in-

dividually addressable square aluminum mirrors, which measure ∼10.8 µm on the

diagonal. They are arranged on a square lattice and can be independently controlled

by sending an array of 1’s (‘on’) and 0’s (‘off’) to the controller. Physically, these

values correspond to the mirrors changing their angle by ±12◦ with respect to the

substrate on which they are fabricated. Light reflected from ‘off’ mirrors is directed

into a beam-blocker, while light reflected from the ‘on’ mirrors is used to form the

desired hologram and cavity in-coupling light. We generate a set of DMD masks for

each experiment we wish to perform; the rate at which we can update holograms is

presently limited by the 60-Hz refresh rate of the software driver. The laser beam

incident on the DMD surface is magnified to a 1/e radius of 8 mm, quite a bit larger
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than the 7-mm extent of the 45◦-projected DMD surface. This insures that the DMD

is exposed to an homogeneous light intensity across its surface, which we verify by

imaging the surface.

The 2-cm cavity mirrors are glued onto a rotationally symmetric brass mount

for temperature and vibration stability. The cavity length can be adjusted via the

turning of an 80-turns-per-inch screw that holds one of the two mirrors. This screw

provides course control of the cavity length: 4.4 µm/5◦. Glued in between the screw

and the mirror is a single-crystal PZT that can be voltage-tuned through 210 nm. The

lens connecting the two Fourier planes has a focal length of f = 200 mm, chosen to

maximize the DMD area used in producing the HG fields that will be mode-matched

to the cavity. Figure 3.7 presents a diagram of the setup used to couple holograms

generated by the DMD into the cavity. The finesse of the cavity is ∼5 × 104 at the

wavelength we use for this work, 780 nm, resulting in a cavity linewidth of ∼300 kHz.

3.5 Designing a DMD mask for a particular HG

mode

The HG modes are a good basis set for DMD studies because they are eigenfunc-

tions of the Fourier transform. That is, if the field created by the mask at the DMD

plane has the form of an HG mode, then the field in the associated Fourier image

plane will be a scaled version of the same HG mode [64].

To couple light to the cavity, it is necessary to create HG modes with the appro-

priate scale using the DMD. We first choose a target HG mode ΦHG(x, y) normalized

such that max |ΦHG(x, y)| = 1. The phase of the mode φHG(x, y) is superimposed
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Figure 3.9: Cavity transmission versus pump frequency. a) Coupling to the cavity
(3,1) mode. Native mixing in the cavity results in mixing of the ideal cavity modes
such that the (3,1) does not equal the ideal HG3,1. The red transmission curve results
from in-coupling an ideal HG3,1 mode into the cavity. The imperfect overlap induces
a coupling to the adjacent modes in addition to the targeted (3,1). The blue curves
show the result of increasing optimization of the DMD mask, resulting in a hologram
that couples exclusively to the cavity (3,1) mode, which is shown in the inset. We
determine that the cavity (3,1) mode roughly consists of 8% HG2,2, 8% HG4,0, and
84% HG3,1. b) Same is in panel a), but with respect to the (2,1) mode. We determine
the cavity (2,1) mode roughly consists of 4% HG1,2, 4% HG3,0, and 92% HG2,1.
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Figure 3.10: Cavity transmission versus pump frequency for different DMD masks.
Each trace corresponds to a distinct mask generating a unique and orthogonal holo-
gram on the DMD. a) Even mode families. Insets show the cavity transmission for
the 2nd and 4th-order families. The feature above the noise floor marked ‘reference’
was created with a superimposed Gaussian beam in order to align the transmission
curves to one another. b) Same as in panel a), but odd mode families. Insets show
the cavity transmission for the 3rd and 5th-order families of modes.



CHAPTER 3. DIGITAL MICROMIRROR DEVICE 64

with the aberration-correcting phase such that the phase of the hologram to be pro-

grammed into the DMD is φm(x, y) = 1
2(φHG(x, y) − φ∆(x, y)). Both phases are

normalized to run between 0 and 2π. Including the grating structure necessary to

create the HG mode in the Fourier image plane, the final field to be produced by the

DMD mask is

EDMD = |ΦHG(x, y)| cos
(
k

f
[xx0 + yy0 + z0

2f C(x, y)] + φm(x, y)
)2

, (3.2)

where kx0/f and ky0/f determine the periodicity of the grating in the DMD plane

and thus the center location of the mode in the image plane at ±(2x0, 2y0). z0 is a

focusing parameter and C(x, y) is a focusing field that is in the form of a paraboloid

that corrects for the 45◦-angle of the DMD face. The function in Eqn. 3.2 is sampled

using Floyd-Steinberg dithering with a two-color palette to numerically develop a

pixel-by-pixel representation of this field at the DMD surface for programming into

the controller. A final reshaping is necessary to generate the file that correctly maps

pixel values to DMD mirrors. This file is then loaded into the DMD controller. The

whole process takes only 30 s per mode-image using a commercial laptop running

code written in Python.

3.6 Mode-coupling procedure

To couple a mode into the cavity, we first choose x0 and y0 to be large enough

to sufficiently separate the grating orders in the Fourier image plane. The first-order

peak contains the mode image to be coupled and is directed into the cavity while the

other orders are blocked. Transmission through the cavity is maximized using two



CHAPTER 3. DIGITAL MICROMIRROR DEVICE 65

mirrors placed immediately before the cavity. The Gaussian waist of the incoming

mode and z0 are optimized through manual iteration to maximize the coupling of the

mode. For simplicity, we typically use the fundamental HG0,0 mode for this procedure,

which fixes all but one of the cavity parameters. The indices are the number of nodes

in the i and j axes, respectively.

The remaining parameter, the azimuthal angle of the nodal axes in the transverse

plane, is determined manually by observing which modes in a set of non-azimuthally

symmetric modes maximize coupling. For simplicity, we use a collection of HG1,0

beams at different azimuthal angles θ, finally choosing the θ corresponding to the

HG1,0 mode exhibiting the best coupling efficiency.

This procedure would, in principle, fully determine the HG mode-basis of the

cavity if the cavity conformed to the ideal paraxial model. However, intrafamily

mixing is present, as mentioned above, and the actual cavity modes do not always

correspond to ideal HG-mode shapes. An example of this can be seen in the insets of

Fig. 3.9. To label the modes comprising the actual mode spectrum, we number each

mode of an n+m = N family by indices (α, β), where α and β no longer necessarily

correspond to the number of nodes along a direction i and j, respectfully. However,

the condition α+β = N remains fixed for each mode family N .3 Moreover, we choose

to denote the highest-frequency mode in a family the (0, N) mode, rather than the

(N, 0) mode.4

3We note that the 210-MHz splitting between families ensures that inter-family mixing is negli-
gible, thereby ensuring that α+ β = n+m = N is a good approximation.

4Among the mode families we explore here, the modes with N nodes along only one direction
typically possess the highest resonance frequency.
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Figure 3.11: Spectroscopy of the cavity in a near-degenerate configuration wherein
the first even mode becomes degenerate with the fundamental. Inset: zoomed-in
spectrum of the first clump of degenerate modes.
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Figure 3.12: Cavity transmission when the cavity is pumped by fields created by
DMD masks of ideal HG-modes. a) Even mode spectra. b) Odd mode spectra.

3.7 Single-mode spectroscopy

The single-mode character of the cavity is probed by setting the length of the

cavity to be 1-mm-longer than the confocality condition. While most modes in a

given family possess a spatial structure very close to an ideal HG-mode, we do find

at least one per family that significantly deviates from the HG-modal structure. For

example, in the N = 3 and N = 4 families, the (2, 1) and (3, 1) modes both show

significant deviation from the ideal HG2,1 and HG3,1 modes, respectively, as can be

seen from the insets of Fig. 3.9. We determine the HG-modal decompositions through

a 2D fitting routine, and the fraction of other intrafamily HG modes is listed in the

captions.

Figure 3.9 shows the results of an iterative procedure used to probe the (2, 1)

and (3, 1) modes. In each case, attempting to couple to the mode with an ideal HG

resulted in cross-coupling to the immediately adjacent modes. The optimized masks

consist primarily of the HG mode in question with small (5%-10%) admixtures of the
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adjacent HG modes. Each mask was rotated to an angle θ optimal for mode coupling.

Though there can be much mixing of HG modes, we are able to successfully generate

holograms that couple to the (2, 1) and (3, 1) cavity modes with high specificity. As

seen in Fig. 3.9, all transmission in non-targeted modes are below the level of our

detection signal-to-noise. Although optimizing by hand is quite straightforward, an

automated procedure can be applied to determine the eigenmodes of the cavity more

quickly.

Other than the (2,1) and (3,1) modes, all other modes in these families were

efficiently coupled to by DMD masks employing the ideal HG mode functions. The

result of a spectroscopic scan of the low-order odd and even mode families is shown

in Fig. 3.10. Each trace corresponds to a separate DMD mask designed to couple

to a specific single mode of the cavity. Our manual optimization routine ensures

that unwanted cross-coupling is minimal and indeed not apparent in these traces.

All modes emitted out of the cavity are nearly identical to ideal HG modes, with

the exception of the two aforementioned mixtures. We note that the rapidity of the

frequency sweep results in an asymmetric lineshape for each mode due to ringdown

effects.

3.8 Multimode Spectroscopy

We experimentally probe the basic properties of the near-degenerate cavity at

hand, because a numerical characterization [65] is impractical due to the need to

minutely characterize the mode mixing arising from mirror defects, etc. To proceed,

the cavity is tuned to a near-degenerate configuration wherein the length was adjusted

until the nearest second-order mode (0,2) became degenerate with the fundamental
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Figure 3.13: a) Four transmission images of the near-degenerate cavity when pumped
at a particular frequency by a mask consisting of an increasing amount of an HG2,0
mode added to an HG0,0 mode. Each image is the light emitted from the cavity and
is the coherent addition of the two modes at a single probe frequency. b) Same as
panel a), but with an increasing amount of an HG3,0 mode added to an HG1,0 mode.
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(0,0).5 Figure 3.11 illustrates the character of the degeneracy in this configuration.

To allow the observation of the frequency spacing of modes, the cavity was pumped

with a broad beam slightly off-center. The modes are seen to arrange into clusters

in this near-confocal configuration. It is possible to study some aspects of cavity

degeneracy in this configuration since many modes appear with separations of less

than a few linewidths.

The transmission of the cavity was measured for each ideal HG mask as before.

Figure 3.12 shows the cavity transmission for each mask. As expected, there is a now

a greater degree of mode mixing, especially in the higher order modes, as can be seen

by the prevalence of side-peaks at many distinct probe frequencies. Nevertheless,

each ideal HG mask couples to a small collection of cavity modes within its spectral

vicinity. We note that the two lowest-order even and odd modes—blue traces at

the bottom of each figure—can be selectively addressed by distinct, orthogonal HG

masks. Finally, to demonstrate that the near-degenerate cavity can be pumped by

tailored field modes, we show in Fig. 3.13 that any linear combination of, e.g., HG0,0

with HG2,0 or HG1,0 with HG3,0, can be coupled into the near-degenerate cavity.

5Due to misalignment of the cavity mounts, this cavity length was the point at which the max-
imum mode density what achieved. Other cavities can achieve far greater mode density, e.g., see
Ref. [66].



Chapter 4

Cavity Quantum Electrodynamics

4.1 Overview

In 1946 Edward Purcell performed a simple experiment monitoring the excited

state population of a collection of nuclear spins [67]. Placing the spin in the vicinity

of a near-resonant radio-frequency cavity had the effect of reducing the particle’s

excited state lifetime. The eponymous Purcell effect is due to a modification of the

electromagnetic mode density in the vicinity of the emitter, in effect changing the

collection of modes to which the emitter is coupled and thereby affecting the rate

of spontaneous emission. Broadly speaking, incoherent processes are the result of

dephasing among a multitude of coherent processes. An atom’s ability to coherently

exchange energy in the form of photons with any of a multitude of electromagnetic

modes results in a wash-out of the Rabi oscillations that are the hallmark of a quantum

process. The effective absence of coherence effects a crossover where rate equations

become descriptive of the atom’s excited and ground state populations.

71
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Wigner and Weiskopf [68] calculated the incoherent decay rate of a two-level-

system coupled to a radiative bath using Fermi’s golden rule. The rate is proportional

to ∑ks |
√

ωk
2~ε0V (d · εks)|2, where the sum is over all free-space electromagnetic modes,

where ωk is the frequency of the mode, V is the mode volume, d is the coupling

operator, and εks is the polarization vector of the light field. For a dipole emitter in

three dimensions, this summation yields the spontaneous decay rate Γ. Alkali atoms

behave approximately as two level systems, and as such an atom in its excited state

is stimulated to decay into its ground state by vacuum fluctuations in the bath of

electromagnetic modes to which it is coupled. The rate of spontaneous emission for
87Rb in any of its 5P3/2 excited states is ∼ Γ = 2π × 6.2 MHz.

Any modification of the free-space electromagnetic spectrum, in the frequency

or spatial structure of the modes, will lead to a modification of the spontaneous

emission rate. If the electromagnetic environment can be engineered to include a

single mode more strongly coupled than any other mode to the emitter, that single

mode can be involved in fundamental studies of the light-matter interaction, and can

be used to engineer novel quantum devices [69]. In practice this is accomplished by

placing the atom near the field maximum of the mode of an optical resonator, e.g.

a Fabry-Pérot cavity. The resonator has been engineered to harbor a mode whose

frequency is near the atomic resonance and whose loss rate κ is manageable. The field-

enhancement exhibited by the cavity concomitantly enhances the coupling of vacuum

fluctuations to the atom’s induced dipole moment, and its coupling to the cavity mode

is g(x) =
√

3cΓλ2

8πV Ξ(x), where c is the speed of light, λ is the wavelength of the two-

level transition, and Ξ(x) is the cavity mode normalized to have an extremal value of

magnitude 1. For an atom optimally coupled to the cavity mode, it is conventional



CHAPTER 4. CAVITY QUANTUM ELECTRODYNAMICS 73

to refer to the coupling in terms of the vacuum Rabi splitting 2g0 = g(xmax), where

xmax is the position that maximizes the magnitude of g(x).

The Hamiltonian that describes the coupling of an atom’s dipole moment to a

mode of the electromagnetic field is the quantized version of Hcl = ~d · ~E, the classical

dipole interaction. The dipole moment operator is ∝ er [70], a function of odd

parity. In the basis of an atom’s ground and excited state wavefunctions (which

are themselves eigenstates of parity), the representation of this operator will only

have off-diagonal elements and can be simply expressed in this two-level scheme in

terms of the Pauli matrices σx and σy. Expressing the electric field operator in terms

of its annihilation and creation operators, the interaction Hamiltonian for a dipole

interacting with a single electromagnetic mode is Hint = g0
2 σx(a + a†). For induced

dipole moments in atoms, the separation in energy between the ground and excited

states will be many orders of magnitude greater than the coupling g0, allowing for

the application of the rotating wave approximation (RWA), and the elimination of

the counter-rotating or energy non-conserving terms. Finally, including the energy of

the bare atomic and cavity excitations yields the celebrated Jaynes-Cummings (JC)

Hamiltonian

HJC = ωca
†a+ ωaσ

†σ + g0

2 (aσ† + a†σ) (4.1)

In the strong-coupling regime when g � κ,Γ, the spectrum of this Hamiltonian

becomes visible in experiment [71, 72], and provides theoretical support for the first

evidence of electric field quantization [73]. The Hamiltonian can be block-diagonalized

in the basis of collective excitations n of the atom and light field. First, the diagonal

matrix ωa(a†a+ σ†σ) is subtracted and the JC Hamiltonian is rewritten
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HJC = ∆ca
†a+ g0

2 (aσ† + a†σ) (4.2)

Here ∆c = (ωc − ωa). In each n-excitation manifold, where n ≥ 1, the dressed

states are |n,+〉 = cos θn|e, n − 1〉 + sin θn|g, n〉 and |n,−〉 = sin θn|e, n − 1〉 −

cos θn|g, n〉, with tan θn =
√√

ng2
0+∆2

c+∆c√
ng2

0+∆2
c−∆c

. The eigenvalues for these states are E±n =

nωc − 1
2∆c ± 1

2

√
ng2

0 + ∆2
c , with respect to the energy of |g, 0〉. Compared to the

bare-cavity spectrum En = ~ωcn the atom provides a significant nonlinearity for low

energy manifolds, leading to the vacuum Rabi splitting observed in the low-power

response of the cavity-atom system. This nonlinearity disappears at higher manifolds

as the separation in energy between |n,+〉 and |n+ 1,+〉 becomes ωc + g0/2
√
n, and

thus independent of n as n → ∞. In practice the nonlinearity disappears at high n

as the laser or atomic linewidths become on the order of g0/
√
n. Figure 4.1 shows

a model transmission spectrum for a cavity coupled strongly to a two-level single

atom on resonance. The hybridization of the cavity and atom degrees of freedom

results in eigenstates |+〉 and |−〉 that each have cavity character, and can thus be

probed independently. The transmission peaks occur roughly at ±g with respect to

the atom and cavity resonance, reflecting the JC eigenvalues. The transmission peaks

are broadened with respect to the bare cavity since the atomic loss channel (the rate

of spontaneous emission is perhaps on order of magnitude greater than the rate of

cavity leakage) is now available to the cavity states.

There are two natural ways to extend the JC model: increasing the number of

atoms and increasing the number of cavity modes. Increasing the number of atoms
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Figure 4.1: Modeled cavity transmission showing vacuum Rabi splitting (red), against
bare cavity transmission (blue). The cavity and atom parameters are κ = g/50 and
Γ = g/5.
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leads to the Dicke model with the counter-rotating terms in place, and the Tavis-

Cummings model without. The Tavis-Cummings model displays similar phenomenol-

ogy as the JC model in the lowest manifold by replacing g0 with g0
√
N , and |e〉 with∑

i
1√
N
|ei〉, the atomic excitation coherently distributed over the entire cloud of N

atoms. However, the observed splitting is not a quantum phenomenon in that it

can be explained by classical dispersion theory [74]. The Dicke model has long been

known to harbor a superradiant phase transition [75] when g0/
√
ωcωa >

1
2 , wherein

the atoms exhibit a collective dipole moment. Not only is g0 usually many orders

of magnitude (∼9) below ωc and ωa in atom-cavity systems, but it is in fact limited

by a dipole sum rule to lie below the threshold condition [76]. Relevant here is the

subtle fact that a term ∝ A2 has been ignored, where ~A is the vector potential of

the electromagnetic field. This term is necessary to fully describe the light-matter

interaction, and stems from a gauge transformation that is made when treating a

quantum particle in an electromagnetic field, namely ~∇ → ~∇ − e
c
~A [77]. This is an

aside, and the relevant fact is that several schemes have been developed in recent years

that decouple g0 from ωa, thereby circumventing the sum rule [78–81] and making

observations of the mean-field Dicke transition feasible.

4.2 Self-Organization

Remarkably, increasing the available cavity modes such that they form a complete

basis is theorized to result in a system with a quantum phase transition [82]. Our

analysis of this cavity-atom system begins with the system Hamiltonian which consists

of the following parts written in second-quantized form [83, 84]
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Ha =
∫
d3xψ†e(x)

(
p2

2m + ωa + Ve(x)
)
ψe(x) +

∫
d3xψ†g(x)

(
p2

2m + Vg(x)
)
ψg(x)

Hc =
∑
α

ωc,αa
†
αaα

Hcp =
∑
α

Ωc,α(aαeiµαt + a†αe
−iµαt)

Haa,g = Ugg
2

∫
d3xψ†g(x)ψ†g(x)ψg(x)ψg(x)

Haa,e =
∫
d3x

(
Uge
2 ψ†g(x)ψ†g(x)ψe(x)ψe(x) + h.c.+ Uee

2 ψ†e(x)ψ†e(x)ψe(x)ψe(x)
)

Hap =
∫
d3x

(
ψ†e(x)η(x)ψg(x)e−iνt + ψ†g(x)η∗(x)ψe(x)eiνt

)
Hac =

∑
α

∫
d3x

(
ψ†e(x)gα(x)ψg(x)aα + ψ†g(x)g∗α(x)ψe(x)a†α

)

Here we assume the atom is a two-level system with ground and excited states

separated in energy by ωa. In each expression ψi(x) is the annihilation operator

for an atom in its ground or excited state located at x, and obeys the standard

commutation relation [ψi(x), ψ†j(y)] = δ(x − y)δij where i ∈ g, e. aα is the photon

annihilation operator for cavity mode α which has spatial structure ∝ gα(x). Ha is

the atoms-only terms, which include the kinetic and potential energy of the ground

and excited state atoms. Hc is the cavity-only terms, consisting of the bare energy of

the orthogonal cavity modes. Hcp is a semi-classical description of a set of external

fields with Rabi frequency Ωc,α and frequency µα pumping each cavity mode. Haa

describes the contact interaction among the atoms, and is separated into two parts;

the Haa,g is the mean-field energy due to contact interactions among the ground state

atoms, and Haa,e is all interactions involving the excited state atoms. Hap is the semi-

classical pump of the atoms, where the monochromatic pump field has frequency ν

and spatial profile η(x). Finally, Hac is the atom-cavity interaction with each cavity
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mode. This term exchanges energy between the cavity and atomic excited state, and

as a second order process allows for pump light directed at the atoms to scatter into

the cavity modes.

In our studies we focus on pumping either the atoms or the cavity with a

monochromatic light field. Future work will see the cavity pumped longitudinally

and seeded with light while the pump is brought above threshold in order to study

self-organization in the presence of a bias field. For now, we set either Ωc,α or

η(x) to 0. Transforming to a frame rotating with the cavity or atom pump fre-

quency is accomplished by applying a unitary transformation to the Hamiltonian

H → −iU †U̇ +U †HU , with U = exp
(
iνt(

∫
d3xψ†e(x)ψe(x) +∑

α a
†
αaα)

)
, and has the

effect of changing the frequencies ωa and ωc,α into detunings ∆a and ∆c,α. Finally,

by putting the cavity resonances and pump far away from the atomic resonance

we can adiabatically eliminate the excited state, yielding an approximate algebraic

relationship ψe(x) = − 1
∆a

(η(x) +∑
α gα(x)aα)ψg(x). Replacing ψe(x) this way leads

to the effective Hamiltonian for our problem:

H =
∑
α

∆c,αa
†
αaα +

∫
d3xψ†(x)

(
p2

2m + V (x) + U

2 ψ
†(x)ψ(x)

)
ψ(x)

− 1
∆a

∫
d3xψ†(x)

∑
α,β

g∗α(x)gβ(x)a†αaβ +
∑
α

(
η(x)g∗α(x)a†α + η∗(x)gα(x)aα

)
+ η∗(x)η(x)

ψ(x)

Far away from resonance the pump light scattered by atoms is almost entirely in

phase with the pump, with a dipole spatial profile whose node is parallel with the

polarization of the pump light. The atoms behave like classical scatterers in this

Rayleigh scattering regime, that is they behave like a classical refractive material.
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From here on we will drop the ‘g’ subscript that distinguishes ground from excited

state terms in the Hamiltonian, there being no reference to the excited state atoms

whatsoever. It is important to realize that this Hamiltonian describes a single atom;

entanglement between atoms in a cloud cannot be captured by this model. Hav-

ing framed the problem we can proceed to obtain some intuition for the underlying

phenomena by considering simple cases. For instance, consider a static atomic distri-

bution and no atom pump η(x) = 0; in the absence of atomic motion the atoms-only

terms provide a constant offset to the Hamiltonian and do not contribute to any ob-

servable property. This situation arises when the system is pumped below threshold

and the atoms are held in place by an external potential, for instance an optical dipole

trap. The relevant part of the Hamiltonian is the dispersive mode-mixing term

Hmix =
∑
α

∆c,αa
†
αaα −

1
∆a

∑
α,β

a†αaβ

∫
d3xρ(x)g∗α(x)gβ(x)

Here ρ(x) = ψ†g(x)ψg(x) is the density of the gas, and will be given by the solution

to the atoms-only Hamiltonian with the external trapping potential V (x). For a

harmonic trap the density is described to an extremely high degree by the Thomas-

Fermi approximation, ρ(x) = µ−m2
∑

i
ω2
i x

2
i

U
. The chemical potential µ is given in this

approximation by µ =
(

225m3N2U2ω̄6

512π2

) 1
5 [85], where m is the atomic mass, and ω̄ is the

geometric mean of the trap frequencies. The atoms couple the cavity modes, causing

population in one mode to scatter into the others. An equivalent picture is to note

that the cavity eigenstates are now admixtures of the bare states, and occupation of

a bare eigenstate constitutes in this context occupation of many actual eigenstates,

leading to sloshing in the dynamics. We can more clearly appreciate this by expressing

this Hamiltonian in the basis of single excitations of the vacuum |Ω〉, e.g. |α〉 = a†α|Ω〉,
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wherein the matrix elements are

Hαβ
mix = ∆c,αδαβ −

1
∆a

∫
d3xρ(x)g∗α(x)gβ(x)

The bare cavity frequencies ∆c,α are given to lowest order by paraxial wave theory.

Coupling of the ideal HG modes leading to renormalization of the mode resonances is

caused by a number of factors including complications in mounting the mirrors, mirror

aberrations, beyond-paraxial effects, and the existence of dirt or other scattering

centers on the mirror surface. In any case, the atomic density acting as a dispersive

element can mix the ideal modes considerably. This mixing can be observed in low

power spectroscopy of the cavity-atom system as a shift of the cavity wavelengths,

and as a modification of the spatial profile of the cavity eigenstates. A pathological

but pedagogically useful case to consider is that a delta function atomic density

ρ(x) = Nδ(x− x0), and all the cavity modes degenerate, ∆c,α = ∆c. In this case the

Hamiltonian reduces to

Hmix,δ = − N

∆a

~g∗(x0)⊗ ~g(x0)

where ~g(x0) is the vector of mode functions gα(x) evaluated at the location of the

atoms x0. Notable about this matrix is the existence of a single non-zero eigenvalue of

magnitude N~g∗(x0) ·~g(x0)/∆a, with associated eigenvector ~g∗(x0) [86]. The resulting

field profile ∝ ∑α g
∗
α(x0)gα(x) maximizes the amplitude at the location of the atoms,

almost as though the cavity is trying to envelop and protect the atoms. Unsurpris-

ingly, increasing the number of modes increases the localization of the cavity field, and

if the cavity were to harbor a complete basis of modes the resulting cavity mode would
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also be a delta function. Such a tight supermode can never be formed in practice;

the finite size of the cavity mirrors effectively cuts off the supported modes above a

certain order, and the finite width of the trap prevents a true point-localization of the

atoms. Figure 4.2 shows the increasing localization of the supermode as the number

of cavity modes increases. Considering only even modes, when only modes up to 4th

order are included, the supermode consists almost exclusively of the HG4,0 since the

atoms lie just outside the range of the 4th order modes. Including up to 8th order

the resulting supermode is clearly localized on the location of the atoms, and this

localization only improves when modes up to 16th order are included.

The self-organization can be studied in greater detail by first focusing on the single

mode case of the effective Hamiltonian when the atoms are pumped transversely. The

pump light is scattered into the cavity by the atoms, and the combination of the pump

field and the cavity field results in a self-sustaining light-shift-induced potential that

maintains the atoms in a configuration that increases the rate at which they scatter

light into the cavity field, deepening the potential that holds them there, etc. There

are three terms that involved in this positive-feedback phenomenon.

The term
∫
d3x η∗(x)η(x)

∆a
ψ†(x)ψ(x) is due to the pump field, and for a standing wave

pump field results in a 1D optical lattice along the direction of the pump beam, which

is orthogonal to the cavity axis.
∫
d3x g∗(x)g(x)

∆a
a†aψ†(x)ψ(x) is a trapping potential

due to the cavity field caused by light scattered into the cavity by the atoms. Finally,∫
d3x η(x)g∗(x)

∆a
a†ψ†(x)ψ(x) is a potential with spatial profile ∝ η(x)g∗(x) caused by

the interference of the cavity and pump fields. In our experiments the pump η(x)

is approximately a standing wave ∝ cos(kx) created by retroreflecting a single beam

launched into the atomic cloud. The beam is wide enough that the atoms confined
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Figure 4.2: The cavity component of the supermode generated by a delta function
atomic density. Increased localization is observed by incorporating ideal HG cavity
modes up to increasing order.
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in an approximately harmonic optical dipole trap do not experience the transverse

structure of the pump beam.

In addition to acting as a 1D optical lattice that partially confines the atoms, the

pump light is scattered into the cavity generating the interference potential. Again

due to the limited extent of the atoms, to a high degree the cavity field looks like

g(x) ∝ cos(kz). The potential due to all three terms is effectively a 2D optical lattice

∝ (A cos(kx) ± B cos(kz))2, where the sign is self-consistently determined by the

configuration of the atoms.

Consider the lattice sites of the aforementioned potential. If atoms were to inhabit

every site, or equivalently if the atomic gas was homogenous over the lattice, the pump

light would not be scattered into the cavity; like a phased array consisting of dipole

emitters, the atoms’ dipole fields would destructively interfere along the cavity axis

preventing the buildup of light in the cavity. Seen another way, the atoms couple to

the cavity with amplitude g(xi), and the sum of the cavity field at all lattice sites is∑
n cos(kλn) = cos(2πn) = 0. If, however, the atoms inhabited every other lattice site

in an alternating fashion they would constructively interfere and scatter light into the

cavity, deepening the potential they experienced, etc. The occupation of the ‘even’

or ‘odd’ sublattice is an example of a discrete symmetry breaking associated with the

Dicke phase transition. This positive feedback leads to a superradiant configuration

of the atomic density and cavity light field, where the atoms quickly move to occupy

one of the two sublattices at random, in the process rapidly filling the cavity with light

coherently scattered by the atoms [87]. The atoms are organized into a 2D square

lattice with lattice vectors λ
2 (1, 0, 1) and λ

2 (1, 0,−1). The atoms are unconfined in the

third direction but for the external potential. This intuitive picture doesn’t change
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much if the cavity mode changes, but new phenomena arise as the number of cavity

modes increases from one to a few, and then from a few to many.

4.3 Gross-Pitaevskii Equation

Due to the mean-field scattering interaction the Hamiltonian needs to be solved

self-consistently, and is an example of the Gross-Pitaevskii equation (GPE) [53]. The

self-organization can be studied in greater depth by deriving and solving the equations

of motion for the atom and cavity fields. The equations of motion for each operator

are determined in standard fashion by commuting the operator with the Hamiltonian,

the generator of time translations, e.g. d
dt
ψ(x) = i[H,ψ(x)].

i∂taα = ∆c,αaα −
1

∆a

∫
d3xψ†(x)

η(x)g∗α(x) + g∗α(x)
∑
β

gβ(x)aβ

ψ(x)− iκaα

i∂tψ(x) =
(

p2

2m + V (x)− η∗(x)η(x)
∆a

+ Uψ†(x)ψ(x)
)
ψ(x)

− 1
∆a

∑
α,β

g∗α(x)gβ(x)a†αaβ +
∑
α

[
η(x)g∗α(x)a†α + η∗(x)gα(x)aα

]ψ(x)

The time evolution of the wavefunction is governed by an effective Hamiltonian

i∂tψ = Heff(a, a†)ψ, and κ, the cavity linewidth, has been added to model the leakage

of light from the cavity. Since the time scale of the atomic motion is much longer

than the cavity dynamics ∼ 1/κ, we can assume that the cavity field adiabatically

follows the atom wavefunction, in effect setting ∂taα = 0. Furthermore, it is assumed



CHAPTER 4. CAVITY QUANTUM ELECTRODYNAMICS 85

that the cavity field is at all times a coherent field, in which case the operator aα is

demoted to a c-number [88]. This assumption prevents the theoretical study of quan-

tum correlations in the light field but allows for a straightforward and quantitatively

accurate model of the atomic self-organization threshold, spectrum, and dynamics.

Under these assumptions for the light field, the coherent state amplitudes are deter-

mined from the atomic density and fields using the following relationships, one for

each coherent state amplitude aα.

1
∆a

∫
d3xρ(x)η(x)g∗α(x) = ∆c,αaα −

1
∆a

∫
d3xρ(x)g∗α(x)

∑
β

gβ(x)aβ − iκaα

The vector of coherent state amplitudes can be determined by matrix inversion

aα = A−1
αβBβ, where the matrix Aαβ and the vector Bβ are defined as follows.

Aαβ = (∆c,α − iκ)δαβ −
1

∆a

∫
d3xρ(x)g∗α(x)gβ(x)

Bα = 1
∆a

∫
d3xρ(x)η(x)g∗α(x)

4.4 Numerical Results

Solving the dynamics of the problem numerically involves stepping through the

evolution of the system iteratively, whereby the cavity field and atomic wavefunc-

tion are updated sequentially, the former according to the above matrix inver-

sion. The time evolution of the atomic wavefunction is determined by the effec-

tive Hamiltonian from earlier, Heff(a, a∗), and a very simple scheme would have
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ψ(tn) = exp(−iδtHeff)ψ(tn−1), where δt = tn − tn−1 is the time increment for the

simulation that must be small enough to assure the Hamiltonian commutes with

itself approximately at adjacent time steps. The problem with this approach is that

the Hamiltonian contains functions of canonically conjugate operators p and x. If

the wavefunction is expressed in real-space where x is a diagonal operator, then the

application of the momentum operator is a computationally difficult task that would

significantly slow the simulation, and vice-versa.

Decades of widespread utility have made the Fast Fourier Transform an extremely

fast and reliable algorithm written into probably every computer language known.

The idea of the split-step Fourier Transform technique is to separate the Hamiltonian

into momentum and real-space components Heff = Hp + Hx and to apply each in-

dependently, Fourier Transforming the wavefunction at each half step. This assures

that the relevant time-evolution operator exp(−iδtHp) or exp(−iδtHx) is diagonal

in the space of the wavefunction it is applied to. This amounts to applying the op-

erators in sequence, which is mathematically disallowed since [Hp, Hx] 6= 0. By the

Baker-Hausdorff-Campbell formula we can expect the error in this approach to be

∝ [δtHp, δtHx] ∼ O(δt2). It turns out that the error can be made even smaller by

splitting the Hamiltonian judiciously. The particular splitting used in these calcula-

tions is as follows

exp(−iδtHeff) = exp
(
−iδt2 Hp

)
exp(−iδtHx) exp

(
−iδt2 Hp

)
exp(O(δt3))

Time evolution proceeds by initializing ψ(x) and aα, and iteratively applying the

split-step operators interspersed with a FFT of ψ(x), as conveyed in Fig.4.3.
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initialize ψ(x) 6= 0

Fourier Transform: ψ(x) → ψ(p)

apply Up/2 to ψ(p)

inverse Fourier Transform: ψ(p) → ψ(x)

normalize ψ(x)

n
tim

es

update aα

apply Ux to ψ(x)

Fourier Transform: ψ(x) → ψ(p)

apply Up/2 to ψ(p)

inverse Fourier Transform: ψ(p) → ψ(x)

normalize ψ(x)

Figure 4.3: A flow chart describing the split-step Fourier Transform technique for the
cavity-atom system.

The results of numerical simulations are presented here. All simulations occur in

2D and involve only a single cavity mode. Care must be taken in 2D to correctly

account for the scattering interaction; in 3D U = 4π~2as/m, but the dimensionality of
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this constant makes it inapplicable in lower dimensions. One approach to circumvent

this problem is to assume the atoms are confined in the free direction by a harmonic

potential. Performing all other calculations in 2D, this has the effect of renormalizing

by the Harmonic oscillator length ly =
√

π~
mωy

, i.e. U → U/ly. The approach taken in

this thesis is to set Thomas-Fermi expressions for the chemical potential of a 2D or 1D

gas equal to the expression for a 3D gas and solve for an effective interaction param-

eter. This approach yields the following expressions for the interaction parameters in

2D and 1D

U2D =
(

50625
262144

πmU4ω̄12

N(ωxωz)5

)1/5

U1D =
(

125
18

m2U3ω̄9

π3N2ω5
x

)1/5

Here ω̄ is the geometric mean of the trap frequencies ωx, ωy, and ωz for the

harmonically confined gas. In addition to time-evolution, this approach can be used

to calculate the ground state of the Hamiltonian via the imaginary time formalism;

replacing the time increment δt with iδt effects a further suppression of all states but

the ground state after each loop of the split-step algorithm. When this calculation

converges, the ground state has been determined. Done in this fashion, Fig. 4.4

shows the GPE ground state, where the pump has been eliminated. This numerically

generated field is extremely close to the 2D Thomas-Fermi solution except near the

edges where the mean-field energy is overcome by the kinetic energy of the gas.

Pumping the atoms with a standing wave η(x) ∝ cos(kx) above-threshold, the

ground state of the cavity-atom system exhibits one of the two self-organized states
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Figure 4.4: The simulated ground state atomic density of a 2D atomic gas obeying
the GPE.

as seen in Fig. 4.5. The atoms are arranged on a square with lattice constant λ/
√

2.

Below-threshold the atoms remain unchanged by the pump although some light is

scattered into the cavity as a consequence of the inevitable asymmetry between the

occupation of the ‘even’ and ‘odd’ sites for a randomly placed cloud. This asymmetry

amounts to a bias field, in principle predetermining into which lattice sites the atoms

self-organize. For a sufficiently large cloud this bias field is unnoticeable in experiment

and simulation [89]. The difference between the two possible ground states is further

clarified in Fig. 4.6 where the checkerboard interference potential for this simulation

is shown. The atoms are induced to organize into either the red or blue spots in a

self-consistent fashion. Superposing the self-organized atomic distribution onto the

potential clearly shows that the atoms are occupying one of the sublattices.

The Fourier Transform of this atomic wavefunction is shown in Fig. 4.7, where

it is used to approximate the time-of-flight density of the gas. A better method

of modeling the gas’s expansion from the trap would be to time evolve the self-

organized wavefunction in the absence of a pump or external potential. This numerical
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Figure 4.5: The simulated self-consistent ground state of a 2D atomic gas with contact
interactions coupled to the HG0,0 mode of a cavity and pumped transversely. The
pump is above threshold and the gas has self-organized into the cavity mode.
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Figure 4.6: (left) The effective potential generated by the interference of the pump
and the light scattered off the atoms into the HG0,0 mode into which the atoms
self-organize above-threshold. (right) With the atoms overlaid on the potential it is
clear that the ‘even’ sites are filled, while the ‘odd’ sites are left empty; a necessary
condition to ensure constructive interference in the light scattered from the atoms.

experiment would best mimic the hydrodynamic expansion of the gas but would

demonstrate qualitatively the same density as the Fourier Transform. Unsurprisingly,

the Fourier Transform shows distinct Bragg peaks at momenta that correspond to

the reciprocal lattice vectors, as would be expected from any scattering experiment

involving a crystal.

The result of a similar simulation is shown in Fig. 4.8, but instead of the HG0,0,

the atoms are coupled to the HG0,1. At this scale the transverse structure of the

cavity modes is not apparent, and the HG0,1 like the HG0,0 appears indistinguishable

from ∝ cos(kz). However, what is clearly visible in the first order mode is its nodal

y−z plane. The phase of the mode changes by π across this plane, and thus the ’odd’

and ’even’ sites reverse roles crossing the plane. Again, the atoms must self-organize

into the red or blue sites of the original checkerboard, but in the first order mode
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Figure 4.7: The Fourier Transform, and thus approximate time-of-flight density, of
the atomic gas self-organized into the HG0,0.

the checkerboard switches colors across the nodal plane. This is clear as the atom

density exhibits a mirror symmetry across a plane (the nodal plane) that does not

contain any atoms. This would be impossible if the atoms were forced to remain ‘on

the same checkerboard.’ This is further evidenced in Fig. 4.9 where the first order

interference potential exhibits a flipped checkerboard, and where the atomic density

overlaid on the zeroth order interference potential shows that the locations of the

atoms correspond to different checkerboards on either side of the nodal plane. A

consequence of this phase discontinuity is that the atomic wavefunction must mirror

the cavity in this way; the relative phase of the atomic distributions localized on

either side of the nodal plane is π.

The Fourier transform of atomic density looks qualitatively similar to the zeroth

order self-organization, but with one very telling difference. The first order Bragg
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Figure 4.8: A simulation of the cavity-atom system where the initial atomic density
(GPE ground state) is coupled to the HG0,1 and pumped under time-varying condi-
tions. The pump power is quadratically ramped for 100 µs and then held constant for
another 100 µs. In this time the atoms scatter light into the cavity and self-organize
into the cavity mode.
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Figure 4.9: (left) The effective potential generated by the interference of the pump
and the light scattered off the atoms into the HG0,1 mode into which the atoms self-
organize above-threshold. (right) With the atoms overlaid on the potential it is clear
that they occupy ‘even’ sites on one side of the mode’s nodal plane and the ‘odd’
sites on the other. This can happen because there is a π phase jump in the atomic
wavefunction across this nodal plane.

peaks exhibit a node which is a relic of the phase discontinuity of the atomic wave-

function, a feature that has been observed clearly in experiment.
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Figure 4.10: The Fourier Transform, and thus approximate time-of-flight density, of
the atomic gas self-organized into the HG0,1.



Chapter 5

Conclusion

This thesis has described the design, construction, and characterization of a

novel multimode CQED apparatus for observing and studying beyond mean-field

self-organization phenomena. We designed an apparatus that allows us to place a

microscopic Bose-Einstein condensate of rubidium 87 within the mode volume of a

1-cm-long degenerate near-confocal Fabry-Pérot cavity. Pumping the atoms trans-

versely allows for the possibility of observing and studying quantum phase transitions

marked by the emergence of quantum states that cannot be described by mean-field

theories. Developing DMD technology was necessary to properly and flexibly ad-

dress the cavity, whose myriad degrees of freedom are involved in the crystallization

phenomena.
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Appendix A

DMD Hologram Code

This appendix provides all the code necessary to

1. Generate the calibration masks used in the calibration procedure.

2. Perform the calibration and store the interference patterns.

3. Generate an aberration-correcting phase mask from the interference patterns.

The phase mask is then incorporated into the generation of every hologram. A

sample script has been provided that generates a HG0,0 and LG0,0 mode. Running

the calibration requires that pyflycapture2 is installed on a computer running

Linux. The module is in the QED Github repository

https://github.com/mmcqed/pyflycapture2

A.1 CountingModes.py

This is a quick bit of code to enumerate the modes, even, odd, or both, up to a

maximum order.
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from __future__ import division

import scipy

# All modes

def print_all_modes(max_mode):

num_modes = int((max_mode+1)*(max_mode+2)/2)

for k in range(num_modes):

order = int(scipy.floor(.5*(-1+scipy.sqrt(1+8*k))))

l = int(k - order*(order+1)/2)

m = int(order - l)

print (l,m)

# Even modes

# max_mode should be even

def print_even_modes(max_mode):

num_modes = int((max_mode/2+1)**2)

for k in range(num_modes):

order = 2*int(scipy.sqrt(k))

l = int(k-(order/2)**2)

m = order-l

print (l,m)

# Odd modes

# max_mode should be odd

def print_odd_modes(max_mode):

num_modes = int((1+max_mode)*(3+max_mode)/4)

for k in range(num_modes):

order = 2*int(scipy.floor(.5*(-1+scipy.sqrt(1+4*k))))+1

l = int(k-(order**2-1)/4)

m = order-l

print (l,m)

A.2 ditherimage.py

This is a collection of helper functions used to generate the calibration masks and

the final phase mask.

from __future__ import division

import scipy

import copy

from scipy.constants import pi,c
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def FS_Dither(img,palette):

’’’FS_Dither(img,palette) porduces a dither image of img using the Floyd-Steinberg algorithm on the basis of color

palette palette’’’

A = copy.deepcopy(img)

yt,xt = scipy.shape(A)

newA = [[0 for x in range(xt)] for y in range(yt)]

for j in range(yt):

for i in range(xt):

temp = []

pix = A[j][i]

temp[:]=[abs(x-pix) for x in palette]

newA[j][i] = palette[temp.index(min(temp))]

qerr = A[j][i] - newA[j][i]

if ((i+1>=0) & (j>=0) & (i+1<xt) & (j<yt)):

A[j][i+1] += qerr*7/16

if ((i-1>=0) & (j+1>=0) & (i-1<xt) & (j+1<yt)):

A[j+1][i-1] += qerr*3/16

if ((i>=0) & (j+1>=0) & (i<xt) & (j+1<yt)):

A[j+1][i] += qerr*5/16

if ((i+1>=0) & (j+1>=0) & (i+1<xt) & (j+1<yt)):

A[j+1][i+1] += qerr*1/16

return newA

def rgb2gray(rgb):

return scipy.dot(rgb[:,:,0:3], [0.299, 0.587, 0.144])

def Lanczos(x,a):

if x == 0:

return 1

if ((0 < abs(x)) & (abs(x) < a)):

return a*scipy.sin(pi*x)*scipy.sin(pi*x/a)/(pi**2 * x**2)

else: return 0

def PadImg(small,h,w):

m,n = scipy.shape(small)

ml = h-m

nl = w-n

big = scipy.vstack((scipy.zeros((int(ml/2)+ml%2,n)),small,scipy.zeros((int(ml/2),n))))

big = scipy.hstack((scipy.zeros((h,int(nl/2)+ml%2)),big,scipy.zeros((h,int(nl/2)))))

return big
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A.3 DMDFunctions.py

This is a set of helper functions used to generate the holograms.

import scipy

def RealSpace(maxLen,N):

space = scipy.linspace(-maxLen,maxLen,N,endpoint=False)

return space

def MomSpace(maxLen,N):

maxK = N/4./maxLen

space = scipy.linspace(-maxK,maxK,N,endpoint=False)

return space

def CFFT(Ax):

Ap = scipy.fftpack.fftshift(scipy.fftpack.fft(scipy.fftpack.ifftshift(Ax)))

return Ap

def iCFFT(Ap):

Ax = scipy.fftpack.fftshift(scipy.fftpack.ifft(scipy.fftpack.ifftshift(Ap)))

return Ax

def RealSpace2D(maxLen,N):

space = scipy.linspace(-maxLen,maxLen,N,endpoint=False)

xspace,yspace = scipy.meshgrid(space,space) #x,y coordinates

return xspace, yspace

def RealSpace2DAspect(maxLen,asp,N):

spacex = scipy.linspace(-asp*maxLen,asp*maxLen,asp*N,endpoint=False)

spacey = scipy.linspace(-maxLen,maxLen,N,endpoint=False)

xspace,yspace = scipy.meshgrid(spacex,spacey) #x,y coordinates

return xspace, yspace

def MomSpace2D(maxLen,N):

maxK = N/4./maxLen

space = scipy.linspace(-maxK,maxK,N,endpoint=False)

kspace,lspace = scipy.meshgrid(space,space)

return kspace, lspace

def CFFT2D(Ax):

Ap = scipy.fftpack.ifftshift(scipy.fftpack.fft2(scipy.fftpack.fftshift(Ax)))

return Ap

def iCFFT2D(Ap):

Ax = scipy.fftpack.ifftshift(scipy.fftpack.ifft2(scipy.fftpack.fftshift(Ap)))

return Ax

def RandOneArray(l,n1,d=1):
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if d==1:

oneArray = scipy.zeros(l)

while sum(oneArray)<n1:

oneArray[int(scipy.floor(l*scipy.rand(1))[0])] = 1

if d==2:

oneArray = scipy.zeros((l,l))

while scipy.sum(oneArray)<n1:

oneArray[int(scipy.floor(l*scipy.rand(1))),int(scipy.floor(l*scipy.rand(1)))] = 1

return oneArray

A.4 Patches.py

This script generates the calibration masks.

from __future__ import division

import scipy

import matplotlib.pyplot as plt

import scipy.misc

from scipy.constants import c, pi

import ditherimage

import DMDFunctions as DF

# Generate the DMD masks used for calibration. Each mask turns on two

# superpixels, one of which is always the same reference.

# These three lines set parameters and generate a rectangular grid in which the

# DMD pixels lives. This is to account for the pixels being square, but the

# array being effectively rotated 45deg.

N = 1481

m = 910

DMD = [[ ((i+j > m) & (i+j < 2*N-1-m) & (i-j < m+2) & (j-i < m+3)) for i in range(N)] for j in range(N+1)]

# These are the parameters for the diffraction grating. x0 and y0 determine the

# location of the first order, while z0 determines the overall focus, all in m.

x0 = .5*15.e-4

y0 = -.5*15.e-4

z0 = 0

dx = 7.64e-6 # dx is the real of a square DMD pixel in meters

lam = 780.e-9 # laser wavelength in meters
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f = 150e-3 # focal length in meters

x,y = DF.RealSpace2DAspect(741*dx,1481/1482,1482) # x and y values over the DMD

# The grating

DMDfield = DMD*scipy.cos( (2*pi)/(f*lam)*(x*x0 + y*y0 + (z0/2/f)*(x**2 + y**2)) )**2

# Perform Floyd-Steinberg dithering on the field to binarize it

DMDfieldBin = ditherimage.FS_Dither(DMDfield,[1,0])

# Create a canvas for the .bmp that represents the DMD

MasterPatch = scipy.zeros((1140,912))

# Load the DMD field into the .bmp format

for l in range(912):

for j in range(2):

for i in range(570):

MasterPatch[2*i+j,l] = DMDfieldBin[i+j+l][911+i-l]

# The size of the super pixel is 38x19, which looks square on the DMD by virtue

# of its rotated orientation.

x1 = 38

x2 = 19

# Size of the superpixel grid

xS1 = int(1140/x1)

xS2 = int(912/x2)

# Choose pairs of superpixels to make up the xS1 x xS2 calibration images

savedir = ’/Patches/x15y-15/’

for i in range(xS1):

for j in range(xS2):

patch = scipy.zeros((1140,912))

patch[i*x1:(i+1)*x1,j*x2:(j+1)*x2] = MasterPatch[i*x1:(i+1)*x1,j*x2:(j+1)*x2]

patch[(xS1/2)*x1:((xS1/2)+1)*x1,(xS2/2)*x2:((xS2)/2+1)*x2] = MasterPatch[(xS1/2)*x1:((xS1/2)+1)*x1,(xS2/2)*x2:((

xS2/2)+1)*x2]

bmparray = scipy.array((patch,patch,patch))

scipy.misc.imsave(savedir+’Patch’+str(j + i*xS2)+’.bmp’, bmparray)

A.5 DMD_Calibration.py

This script analyzes the fringe images and produces the super-pixel phase mask.
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from __future__ import division

import scipy.misc

import scipy.fftpack as ft

import matplotlib.pyplot as plt

import os, os.path

import copy

# Performs DMD calibration using a sequence of interference images generated by

# pairs of ’superpixels’ activated at a time. In the limit that the superpixels

# are infinitesimally small, each is a delta function field in the DMD plane.

# Placing a lens of focal length f halfwaf between the camera and DMD, which are

# separated by 2f ideally connects the two fields by Fourier Transform. Thus, a

# delta function in the DMD plane corresponds to a plane wave in the camera

# plane. The interference pattern resulting from the superposition of two plane

# waves is recorded for N pairs of superpixels, where one of the pair is held

# constant as a reference.

caldir = ’/dmd_calibration/cal_x15y-15_1440_real/’

CalImg = scipy.misc.imread(caldir + ’cal250.bmp’)

CalImg_ft = ft.fftshift(ft.fft2(ft.ifftshift(CalImg)))

CalImg_phi = scipy.arctan2(scipy.imag(CalImg_ft),scipy.real(CalImg_ft))

dimX,dimY = scipy.shape(CalImg)

center = scipy.array([dimX/2, dimY/2])

# A collection of masks blotting out the 0th order mode (the DC component of the

# FT) and the unwanted 1st order mode.

WinSize = 5

Win0 = scipy.ones((960,1280))

Win0[480 - WinSize:480 + 1 + WinSize, 640 - WinSize:640 + 1 + WinSize] = 0

Win0u = copy.copy(Win0)

Win0u[480:960,:] = 0

Win0d = copy.copy(Win0)

Win0d[0:480,:] = 0

Win0l = copy.copy(Win0)

Win0l[:,640:1280] = 0

Win0r = copy.copy(Win0)

Win0r[:,0:640] = 0

# The size of the super pixel is 38x19, which looks square on the DMD by virtue

# of its rotated status.

x1 = 38
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x2 = 19

# Size of the superpixel grid

xS1 = int(1140/x1)

xS2 = int(912/x2)

Phase1 = scipy.zeros((int(1140/x1),int(912/x2)))

Phase2 = scipy.zeros((int(1140/x1),int(912/x2)))

Amp1 = scipy.zeros((int(1140/x1),int(912/x2)))

Amp2 = scipy.zeros((int(1140/x1),int(912/x2)))

numfiles = len([entry for entry in os.listdir(caldir) if ’.bmp’ in entry])

# Watch the video, is the top-most peak moving L2R or R2L?

L2R = False

for i in range(xS1):

for j in range(xS2):

print int(i*xS2 + j)

# Pull up the interference pattern, find its FT, identify the location

# of the 1st order mode, measure the phase there.

CalImg = scipy.misc.imread(caldir + ’cal’ + str(int(i*xS2 + j)) + ’.bmp’)

CalImg_ft = ft.fftshift(ft.fft2(ft.ifftshift(CalImg)))

CalImg_phi = scipy.arctan2(scipy.imag(CalImg_ft),scipy.real(CalImg_ft))

# Identify the correct peak, 1 of 3

if i<xS1/2:

peak1 = scipy.array(scipy.where(abs(CalImg_ft*Win0u) == abs(CalImg_ft*Win0u).max()))[:,0]

if i>xS1/2:

peak1 = scipy.array(scipy.where(abs(CalImg_ft*Win0d) == abs(CalImg_ft*Win0d).max()))[:,0]

if i==xS1/2:

if L2R:

if j<xS2/2:

peak1 = scipy.array(scipy.where(abs(CalImg_ft*Win0l) == abs(CalImg_ft*Win0l).max()))[:,0]

if j>xS2/2:

peak1 = scipy.array(scipy.where(abs(CalImg_ft*Win0r) == abs(CalImg_ft*Win0r).max()))[:,0]

else:

if j>xS2/2:

peak1 = scipy.array(scipy.where(abs(CalImg_ft*Win0l) == abs(CalImg_ft*Win0l).max()))[:,0]

if j<xS2/2:

peak1 = scipy.array(scipy.where(abs(CalImg_ft*Win0r) == abs(CalImg_ft*Win0r).max()))[:,0]

#peak1 = scipy.array(scipy.where(abs(CalImg_ft) == abs(CalImg_ft*Win0).max()))[:,0]

# The location of the second 1st order peak is reliably the inversion of

# the first 1st ordier peak.

peak2 = -(peak1 - center) + center
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Phase1[i,j] = CalImg_phi[peak1[0],peak1[1]]

Phase2[i,j] = CalImg_phi[peak2[0],peak2[1]]

Amp1[i,j] = 1/abs(CalImg_ft[peak1[0],peak1[1]])

Amp2[i,j] = 1/abs(CalImg_ft[peak1[0],peak1[1]])

plt.imshow(Phase1,interpolation=’none’)

plt.show()

# Save Phase1 in some context, as that is the result of this script

scipy.save(’/dmd_calibration/Phase1_real.npy’,Phase1)

A.6 PhaseMaskPost.py

This script takes the super-pixel phase mask and performs several post-processing

steps that ultimately result in a phase mask that can be used to cancel out the optical

aberrations when developing holograms.

from __future__ import division

import scipy

import scipy.linalg as ln

import copy

from scipy.constants import pi

import ditherimage

# Develop the phase mask for use in producing aberration-corrected fields

# Load the calibration data generated by DMD_Calibration.py

PhaseMask = scipy.load(’/dmd_calibration/Phase1_real.npy’)

# Interpolate the ’bad region’ in the middle

testRegion = PhaseMask[13:18,22:27]

IntPnts = [(i,j) for i in range(5) for j in range(5) if ((abs(2-i)>1) | (abs(2-j)>1))]

Vals = scipy.array([testRegion[i[0],i[1]] for i in IntPnts])

t = scipy.floor([(1+scipy.sqrt(1+8*i))/2 for i in range(10)])

tn = t*(t-1)/2

t1 = range(10) - tn

t0 = t-t1-1
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Amat_t = scipy.array([[i[0]**t0[j] * i[1]**t1[j] for j in range(10)] for i in IntPnts])

Amat = scipy.array([[1, i[0], i[1], i[0]**2, i[0]*i[1], i[1]**2, i[0]**3, i[0]**2*i[1], i[0]*i[1]**2, i[1]**3] for i in

IntPnts])

bvec = scipy.dot(ln.inv(scipy.dot(Amat.transpose(),Amat)),scipy.dot(Amat.transpose(),Vals))

NewPnts = [(i,j) for i in range(5) for j in range(5) if ((abs(2-i)<2) & (abs(2-j)<2))]

NewAmat = scipy.array([[1, i[0], i[1], i[0]**2, i[0]*i[1], i[1]**2, i[0]**3, i[0]**2*i[1], i[0]*i[1]**2, i[1]**3] for i

in NewPnts])

NewVals = scipy.dot(NewAmat,bvec)

for inum,i in enumerate(NewPnts):

testRegion[i[0],i[1]] = NewVals[inum]

# Bad region is replaced

PhaseMask[13:18,22:27] = testRegion

w,l = scipy.shape(PhaseMask)

PhaseMaskUnwrap = copy.copy(PhaseMask)

# This confusing snippet unwraps the mask, first in columns, and again in rows

for i in range(l-1):

PhaseMaskUnwrap[:,i+1::] = PhaseMaskUnwrap[:,i+1::] - scipy.tile(2*pi*scipy.sign(PhaseMaskUnwrap[:,i+1]-

PhaseMaskUnwrap[:,i])*(abs(PhaseMaskUnwrap[:,i+1]-PhaseMaskUnwrap[:,i])>pi),(scipy.shape(PhaseMaskUnwrap)[1]-i

-1,1)).transpose()

for i in range(w-1):

PhaseMaskUnwrap[i+1::,:] = PhaseMaskUnwrap[i+1::,:] - scipy.tile(2*pi*scipy.sign(PhaseMaskUnwrap[i+1,:]-

PhaseMaskUnwrap[i,:])*(abs(PhaseMaskUnwrap[i+1,:]-PhaseMaskUnwrap[i,:])>pi),(scipy.shape(PhaseMaskUnwrap)[0]-i

-1,1))

# Each superpixel is actually a region of 38x19 actual pixels. This resampling

# needs be performed to produce the phase profile in real space.

a = 3

magX = 38

magY = 19

PhaseMask_enl = scipy.zeros((1140,912))

sumspace = scipy.linspace(-a+1,a,2*a)

for x in range(1140):

print x

for y in range(912):

counter = 0
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for i in sumspace:

for j in sumspace:

posX = (scipy.floor(x/magX)+i)

posY = (scipy.floor(y/magY)+j)

if ((0<=posX<w) & (0<=posY<l)):

counter += PhaseMaskUnwrap[posX,posY]*ditherimage.Lanczos(x/magX-(scipy.floor(x/magX)+i),a)*

ditherimage.Lanczos(y/magY-(scipy.floor(y/magY)+j),a)

PhaseMask_enl[x,y] = counter

# After resampling to the new resolution, the phase can be put on a real space

# grid.

PhaseMask_RS = scipy.zeros((1482,1481))

for l in range(912):

for j in range(2):

for i in range(570):

PhaseMask_RS[i+j+l,911+i-l] = PhaseMask_enl[2*i+j,l]

# Save the real-space phase calibration to be included in all further masks

scipy.save(’PhaseMaskDMD_real.npy’,PhaseMask_RS)

A.7 dmd_calibrate.py

This script performs the DMD calibration by successively selecting and projecting

a calibration mask onto the DMD and taking a picture of the resulting fringe pattern.

from __future__ import division

import flycapture2 as fc2

import numpy as np

import scipy.misc

import sys

sys.path.append(’/usr/local/lib/python2.7/site-packages’)

import cv2

import time

def main():

c = fc2.Context()

c.connect(*c.get_camera_from_index(0))

c.set_video_mode_and_frame_rate(fc2.VIDEOMODE_1280x960Y16,fc2.FRAMERATE_7_5)
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p = c.get_property(fc2.BRIGHTNESS)

p[’abs_control’] = True

p[’abs_value’] = 0 # %

c.set_property(**p)

p = c.get_property(fc2.AUTO_EXPOSURE)

p[’on_off’] = False

p[’abs_control’] = True

p[’abs_value’] = 0 # EV

p[’auto_manual_mode’] = False

p[’one_push’] = False

c.set_property(**p)

p = c.get_property(fc2.SHARPNESS)

p[’on_off’] = True

p[’abs_value’] = 0

p[’auto_manual_mode’] = False

c.set_property(**p)

p = c.get_property(fc2.GAMMA)

p[’abs_value’] = 1

c.set_property(**p)

p = c.get_property(fc2.IRIS)

p[’on_off’] = True

p[’abs_value’] = 256

p[’auto_manual_mode’] = False

c.set_property(**p)

p = c.get_property(fc2.PAN)

p[’on_off’] = False

p[’auto_manual_mode’] = False

c.set_property(**p)

p = c.get_property(fc2.TILT)

p[’on_off’] = False

p[’auto_manual_mode’] = False

c.set_property(**p)

p = c.get_property(fc2.SHUTTER)

p[’auto_manual_mode’] = False

p[’abs_value’] = 20 # ms

p[’one_push’] = False

c.set_property(**p)

p = c.get_property(fc2.GAIN)

p[’abs_value’] = 0 # dB

p[’auto_manual_mode’] = False

p[’one_push’] = False

c.set_property(**p)



APPENDIX A. DMD HOLOGRAM CODE 109

#c.start_capture()

#im = fc2.Image()

for i in range(72,100):

img = cv2.imread(’Patches/x15y-15_1440/patch’ + str(i) + ’.bmp’)

cv2.namedWindow("HGmn", cv2.WND_PROP_FULLSCREEN)

cv2.setWindowProperty("HGmn", cv2.WND_PROP_FULLSCREEN, cv2.cv.CV_WINDOW_FULLSCREEN)

cv2.imshow("HGmn",img)

key = cv2.waitKey(500)

if key == -1:

c.start_capture()

im = fc2.Image()

c.retrieve_buffer(im)

c.stop_capture()

a = np.array(im)

scipy.misc.imsave(’Patches/real_cal_x15y-15_1440/cal’ + str(i) + ’.bmp’,a)

#c.stop_capture()

c.disconnect()

if __name__ == ’__main__’:

main()

A.8 ModeGeneration_example.py

This script creates an example HG0,0 and LG1,1 mode using the fully processed

phase mask to cancel optical aberrations in the system.

from __future__ import division

import DMDFunctions as DF

import scipy

from scipy.constants import pi,c

import matplotlib.pyplot as plt

import scipy.misc

import numpy.polynomial.hermite

import scipy.fftpack as ft

import ditherimage

# This little function determines the DMD coordinates from realspace coordinates

def RowColID(x,y):

return (x-y,((x+y)-(x+y)%2)/2)
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# Returns a HG mode

def philm_gen(l,m,x,y,w0,a,phi):

ta = .5*(((1+a)*x + (1-a)*y)*scipy.cos(phi) + ((1-a)*x + (1+a)*y)*scipy.sin(phi))

sa = .5*(((1-a)*x + (1+a)*y)*scipy.cos(phi) - ((1+a)*x + (1-a)*y)*scipy.sin(phi))

model = numpy.polynomial.hermite.hermval(scipy.sqrt(2)*ta/w0,scipy.concatenate((scipy.zeros(l),scipy.ones(1))))

modem = numpy.polynomial.hermite.hermval(scipy.sqrt(2)*sa/w0,scipy.concatenate((scipy.zeros(m),scipy.ones(1))))

phi_lm = model*modem*scipy.exp( - (ta/w0)**2 - (sa/w0)**2)

return phi_lm

# Returns a LG mode

def phiLGpl_gen(p,l,x,y,w0,alpha,phi):

t = x*scipy.cos(phi) + y*scipy.sin(phi)

s = -x*scipy.sin(phi) + y*scipy.cos(phi)

rho = scipy.sqrt((alpha*t)**2+s**2)

phi = scipy.arctan2(s,alpha*t)

LG_pl = scipy.special.genlaguerre(p,abs(l))

norm = scipy.sqrt(2*scipy.misc.factorial(p)/pi/scipy.misc.factorial(abs(l)+p))

phi_pl = norm * (1/w0) * ((2**.5*rho/w0)**abs(l)) * scipy.exp(-rho**2/(w0**2) - 1j*l*phi) * LG_pl(2*rho**2/w0**2)

return phi_pl

# N determines the size of the rectangle necessary to house the DMD space.

# m effectively sets the aspect ratio of the rectangle.

N = 1481

m = 910

# DMD is a pixel-by-pixel representation of real space.

DMD = [[ ((i+j > m) & (i+j < 2*N-1-m) & (i-j < m+2) & (j-i < m+3)) for i in range(N)] for j in range(N+1)]

# x0, y0, and z0 are the parameters of the grating, where x0 and y0 set the

# position in m of the first order, and z0 sets the focus.

x0 = .5*2.e-3

y0 = -.5*2.e-3

z0 = 0

# These are fundamental parameters

dx = 7.64e-6

lam = 780.e-9

f = 200e-3

# x,y are defined as real-space coordinates over the surface of DMD

x,y = DF.RealSpace2DAspect(741*dx,1481/1482,1482)

# This is the calibrated phase, in the same domain as DMD

CalPhase = scipy.load(’PhaseMaskDMD_real.npy’)

#This creates each mask by performing the following steps

#1) Calculating the HG field desired on the DMD

#2) Applying the necessary grating including phase correction to the HG field

#3) Generating a binarized version of the field with FS dithering
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#4) Putting the values of the actual DMD pixels onto an 1140x912 grid, which is

# saved as a .bmp to be projected on the DMD itself

# HG00

l = 0

m = 0

w0 = 0.00155268

z0 = 0.0023464

modename = ’HG_00_example.bmp’

# obliquity parameter

a = 1/.83

fieldx = philm_gen(l,m,x,y,w0/a,1/a,scipy.arctan(1482/1481))

fieldx = fieldx/scipy.amax(abs(fieldx))

Phase = (1/2)*(pi*(fieldx<0) - CalPhase)

circle = .5*((1 + a**2)*y**2 + 2*(a**2 - 1)*x*y + (1 + a**2)*x**2)

DMDfield = abs(fieldx)*scipy.cos( (2*pi)/(f*lam)*(x*x0 + y*y0 + (z0/2/f)*circle) + Phase )**2

DMDfieldBin = ditherimage.FS_Dither(DMDfield,[1,0])

DMDmat = scipy.zeros((1140,912))

for l in range(912):

for j in range(2):

for i in range(570):

DMDmat[2*i+j,l] = DMDfieldBin[i+j+l][911+i-l]

scipy.misc.toimage(scipy.array((DMDmat,DMDmat,DMDmat)), cmin=0.0, cmax=1.0).save(modename)

# LG11

p = 1

l = 1

w0 = 0.00155268

z0 = 0.0023464

modename = ’LG_11_example.bmp’

# obliquity parameter

a = 1/.83

fieldx = phiLGpl_gen(p,l,x,y,w0,1/a,3*pi/4)

fieldx = fieldx/scipy.amax(abs(fieldx))

Phase = (1/2)*(scipy.arctan2(scipy.imag(fieldx),scipy.real(fieldx)) - CalPhase)

DMDfield = DMD*abs(fieldx)*scipy.cos( (2*pi)/(f*lam)*(x*x0 + y*y0 + (z0/2/f)*(x**2 + y**2)) + Phase )**2

DMDfieldBin = ditherimage.FS_Dither(DMDfield,[1,0])

DMDmat = scipy.zeros((1140,912))

for l in range(912):

for j in range(2):

for i in range(570):

DMDmat[2*i+j,l] = DMDfieldBin[i+j+l][911+i-l]

scipy.misc.toimage(scipy.array((DMDmat,DMDmat,DMDmat)), cmin=0.0, cmax=1.0).save(modename)
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GPE Simulation Code

B.1 GPEgs.py

This script determines the ground state of the mean-field atom cavity system

for an atomic cloud coupled to a single cavity mode pumped transversely. With a

few modifications the script can perform time evolution of the GPE self-consistently.

The time step is made positive real and the convergence criterion conditioning the

while loop is changed to a for loop run for as many time steps as is desired. It

is important to select a sensible initial wavefunction psi0, for example the GPE

ground state, which can be determined using the regular script.

from __future__ import division

import scipy

import scipy.misc

import scipy.fftpack as ft

import scipy.linalg

import scipy.constants

import numpy

from scipy.constants import pi,hbar,c,m_p

def RealSpace(maxLen,N):

space = ft.ifftshift(scipy.linspace(-maxLen,maxLen,N,endpoint=False))
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xspace,yspace = scipy.meshgrid(space,space) #x,y coordinates

return xspace, yspace

def MomSpace(maxLen,N):

endpoint = N/4./maxLen

space = ft.ifftshift(scipy.linspace(-endpoint,endpoint,N,endpoint=False))

kspace,lspace = scipy.meshgrid(space,space)

return kspace, lspace

def phin(n,x,z,w0,k):

zr = k * w0**2 / 2

zeta = z/zr

w = w0*scipy.sqrt(1+zeta**2)

S = (x*scipy.sqrt(2))/w

normalize_factor = scipy.sqrt(1/2.**n/scipy.misc.factorial(n))

hermvals = numpy.polynomial.hermite.hermval(S,scipy.concatenate((scipy.zeros(n),scipy.ones(1))))

#phi_n = normalize_factor * hermvals * scipy.exp(-x**2/w**2) * scipy.cos(k*z + (2*n+1)*scipy.arctan(zeta)/2 - (zeta

+ 1/zeta)**(-1) * x**2/w0**2)

phi_n = normalize_factor * hermvals * scipy.exp(-x**2/w**2) * scipy.cos(k*z)

return phi_n

deltaT = -1j*1e-6

# Fundamental Constants

m = 87*m_p

Nat = 1.e5

lambda0 = 780.e-9

gam = 2*pi*6.e6

gamperp = .5*gam

DeltaA = -2*pi*102.e9

a0 = scipy.constants.value(’Bohr radius’)

L = 1.e-2

r = 1.e-2

kappa = 10*2*pi*3.e5

# Derived Parameters

w0 = scipy.sqrt(lambda0/(2*pi))*scipy.sqrt(scipy.sqrt(L*(2*r-L)))

Vol = pi*w0**2*L/4

g0 = scipy.sqrt(3*c*(lambda0**2)*gamperp/(4*pi*Vol))

U0 = (g0**2)/DeltaA

k0 = 2*pi/lambda0

gc = 6.7e-14

#discretization

Nxy = 2048

omegaHar = 2*pi*150

# Initialize psi0(x,y)

#extent of x

maxLenx = 4*3.4e-6

#x,y coordinates

x,y = RealSpace(maxLenx,Nxy)

dx = x[0,1]-x[0,0]



APPENDIX B. GPE SIMULATION CODE 114

# Initialize constant real space variables and operators

gNorm = phin(0,y,x,w0,k0)

etaNorm = scipy.cos(k0*y)

ThetaNorm = etaNorm*gNorm

UOper = U0*(gNorm**2)

VHar = (x**2 + y**2)*m*omegaHar**2/(2*hbar)

# Initialize momentum space variables and operators

P, Q = MomSpace(maxLenx,Nxy)

MomFac = hbar/(2*m)

TOper = MomFac*((2*pi*P)**2 + (2*pi*Q)**2)

expT = scipy.exp(-1j*deltaT*TOper)

expT2 = scipy.exp(-1j*(deltaT/2.)*TOper)

def FindTheta(eta,DeltaC,psi0):

psix = scipy.array(psi0)

# Half Momentum Step

psik = ft.fft2(psix)

psik0 = scipy.array(psik)

psik = expT2*psik

# Speedup Variables

c1 = g0/DeltaA

c2 = DeltaC - 1j*kappa

c3 = Nat*gc

#loop starts

while ((abs(psik - psik0)**2).sum()/(abs(psik)**2).sum() > 1.e-6):

psik0 = scipy.array(psik)

psix = ft.ifft2(psik)

psix = psix/(scipy.linalg.norm(psix)*dx)

#Expectation Values for the steady state coherent field

Theta = (ThetaNorm*abs(psix)**2).sum()*dx*dx

B = (UOper*abs(psix)**2).sum()*dx*dx

alpha = Nat*c1*eta*Theta/(c2-Nat*B)

V = c3*abs(psix)**2 + (UOper*alpha*alpha.conj() + c1*eta*ThetaNorm*2*scipy.real(alpha) + (eta**2/DeltaA)*etaNorm

**2) + VHar

# Full Position Step

expV = scipy.exp(-1j*deltaT*V)

psix = expV*psix

# Full Momentum Step

psik = ft.fft2(psix)

psik = expT*psik

psix = ft.ifft2(psik)

psix = psix/(scipy.linalg.norm(psix)*dx)

#Expectation Values for the steady state coherent field

Theta = (ThetaNorm*scipy.absolute(psix)**2).sum()*dx*dx

B = (UOper*scipy.absolute(psix)**2).sum()*dx*dx

alpha = Nat*c1*eta*Theta/(c2-Nat*B)

V = c3*scipy.absolute(psix)**2 + (UOper*alpha*alpha.conj() + c1*eta*ThetaNorm*2*scipy.real(alpha) + (eta**2/DeltaA)*

etaNorm**2) + VHar
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# Full Position Step

expV = scipy.exp(-1j*deltaT*V)

psix = expV*psix

# Half Momentum Step

psik = ft.fft2(psix)

psik = expT2*psik

# Final position-space representation of wavefunction

psix = ft.ifft2(psik)

psix = psix/(scipy.linalg.norm(psix)*dx)

Theta = (ThetaNorm*scipy.absolute(psix)**2).sum()*dx*dx

B = (UOper*scipy.absolute(psix)**2).sum()*dx*dx

alpha = Nat*c1*eta*Theta/(c2-Nat*B)

return Theta, alpha, psix

if __name__ == ’__main__’:

mu = scipy.sqrt(hbar*gc*m*Nat/pi)*omegaHar

n2D = (mu - hbar*VHar)/(hbar*gc)*((mu - hbar*VHar)>0)

eta = 1.05*1e9

DeltaC = -2*pi*1.e8

psi0 = scipy.sqrt(n2D)

theta, alpha, psix = FindTheta(eta,DeltaC,psi0)
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Cavity Lock Filters
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Figure C.1
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Figure C.2



Appendix D

Cavity Spacer

The pocket for the internal threading was made by drilling through the piece with

a 25/64 in drillbit, and then boring the appropriate length out to a diameter of .737 in.

This number was derived from the formula for such things, D− 5
4p sin(60◦) = .737 in

where the pitch p = 1/80 and the major diameter of the tap is D = .75 in. This

formula assumes 60 ◦ threads and follows the standard for UN and metric threads,

namely that they are truncated by 1/8 the thread height in the major diameter and

1/4 the thread height in the minor diameter, leaving 5/8 of thread height.

The external threading (single point) was required: a flat with a 60 ◦ inset cut

normal to the edge, a cutting tool with a 60 ◦ point, and a fine bristly pad. After

chamfering the edge, it was simply a matter of setting the gears appropriately on the

lathe, and cutting one mil at a time, measuring regularly. From a major diameter of

.749, cut threads .015 in deep, and then make 3 mil cuts thereafter, each time checking

to see how tightly the piece mates. After each cut carefully remove the chips with

the bristly pad.
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Figure D.1
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