
RAPID COMMUNICATIONS

PHYSICAL REVIEW A 88, 011601(R) (2013)

Synthetic gauge field with highly magnetic lanthanide atoms
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We present a scheme for generating a synthetic magnetic field and spin-orbit coupling via Raman coupling
in highly magnetic lanthanide atoms such as dysprosium. Employing these atoms offers several advantages for
realizing strongly correlated states and exotic spinor phases. The large spin and narrow optical transitions of
these atoms allow the generation of synthetic magnetic fields that are an order of magnitude larger than those
in the alkali metals, but with considerable reduction of the heating rate for equal Raman coupling. The effective
Hamiltonian of these systems differs from that of the alkali metals’ by an additional nematic coupling term,
which leads to a phase transition in the dressed states as detuning varies. For high-spin condensates, spin-orbit
coupling leads to a spatially periodic structure, which is described in a Majorana representation by a set of points
moving periodically on a unit sphere. We name this a “Majorana spinor helix,” in analogy to the persistent spin- 1

2
helix observed in electronic systems.
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In the past few years, several groups have realized a
synthetic magnetic field either in traps or in optical lattices
[1–4], and spin-orbit (SO) coupling [5–11] with alkali-
metal atoms. These developments have highlighted intriguing
physics in the ultracold atomic gas context [12]. Vortices and
the classical Hall effect have been observed with a Bose
condensate exposed to a synthetic magnetic field [1,2]. SO
coupling in a Bose gas can lead to superfluid phases with stripe
order [13,14] and a rich phase diagram [5,14,15], as well as
to modifying the effective interaction between dressed-state
atoms [6]. In addition, SO coupling also leads to a divergent
spin susceptibility, and the magnetic transition it implies
has recently been observed [8,16]. Recently, SO-coupled
Fermi gases are found to display interesting spin dynamics,
topological transitions of Fermi surfaces, and a spin-dependent
band structure [9,10].

However, there are serious challenges with creating exotic
quantum matter using the current scheme of generating
synthetic gauge fields. The small fine-structure splitting of
the excited level used in the Raman-coupling process for
alkali metals leads to significant heating through spontaneous
emission [17]. While lowering the laser intensity will reduce
heating, it will also reduce the strength of the synthetic gauge
field, pushing the high-field regime of novel correlated physics
beyond reach. As of now, the number of vortices generated
by a synthetic magnetic field is far below that generated by
rotations [1].

We suggest the use of lanthanide atoms such as Dy [18,19]
and Er [20] to overcome these challenges. The particular
atomic structure of these atoms—narrow linewidth transitions,
large ground-state orbital and spin angular momenta, and large
fine-structure splitting—offer many advantages over the alkali
metals. As we explain later, the narrow-line transitions (2 kHz
wide in Dy versus 6 MHz in Rb) and the L > 0 nature
of the Dy ground and excited states provide a significant
increase in Raman coupling without additional heating, or

conversely, much less heating at a fixed Raman coupling.
In addition, the larger spin value of Dy (F = J = 8 and
F = 21/2 for bosonic and fermionic isotopes, respectively)
versus Rb (F = 1) enhances the strength of the synthetic
magnetic field, making the quantum Hall regime much more
accessible.

Another important difference between lanthanides and
alkali metals lies within the effective single-particle Hamil-
tonian. While alkali metals’ consists only of vector terms
in spin space, lanthanides’ possesses sizable tensor terms
that generate nematic order. By varying the relative strength
between vector and tensor terms—achievable via Raman and
Zeeman detuning—one can induce a discontinuous transition
between spinor states in the (dressed) ground state, an effect
that can be observed easily.

For a spin-1 Bose gas, SO coupling can lead to a stripe
phase which is a superposition of two spinor condensates with
different momenta [5,14,15]. For large-spin atoms such as Dy,
the ground state can be a superposition of several condensates
with commensurate momenta, resulting in a spinor condensate
periodic along the direction of SO coupling. The symmetries
of these states are conveniently described in a Majorana
representation as a set of 2F points on a unit sphere [21–26],
each tracing a different trajectory loop over a period in
space—a structure we refer to as a Majorana spinor helix, in
analogy to the persistent spin- 1

2 helix observed in condensed-
matter systems [27,28]. Changes in SO coupling can also
induce transitions between Majorana helices of different
symmetry.

The effective Hamiltonian of the Raman process. As in
Refs. [1,5,17], we consider two-photon Raman coupling
between different magnetic sublevels of a spin-f ground state.
Coupling is via an excited state with spin-f ′ induced by an
electric field E = E + E† in the presence of a magnetic field B

along ẑ, as illustrated in Fig. 1(a), where E = gσ x̂ei(kσ y−ωσ t) +
gπ ẑei(−kπ y−ωπ t). The first term of E drives σ+ and σ− transitions
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FIG. 1. (Color online) (a) Raman laser and quantization B-field
configuration; (b) Raman coupling scheme for an alkali-metal atom
such as Rb (left) and for Dy (right); (c) Raman transition energy-level
diagram for magnetic sublevels of the F = 8 ground state of bosonic
Dy.

with respect to the ẑ spin quantization axis, while the second
term drives the π transition.

To derive the effective Hamiltonian for the f spins under
Raman coupling, we extend the calculation in Ref. [29] for
purely σ± light to the configuration at hand. Eliminating the
excited states, we obtain (in the same notation as Ref. [29])
ĤR = E† ∑

f ′ α̂ff ′/�ff ′E, where α̂ff ′ = P̂f dP̂f ′d†P̂f , d is

the dipole operator, the P̂ ’s are projectors onto spin f and f ′,
�ff ′ = ωπ,σ − ωff ′ is the detuning from the energy difference
ωff ′ between the f and f ′ levels in a π or σ transition, and ωπ,σ

is either ωπ or ωσ depending on the transition. We decompose
Ĥ into scalar, vector, and tensor components (denoted as ĤR(0),
ĤR(1), and ĤR(2) respectively),

ĤR(0) =
∑
f ′

1

3

α
(0)
ff ′g2

�ff ′
Îf (â†

0â0 + â
†
+â+ + â

†
−â−),

ĤR(1) =
∑
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1

2

α
(1)
ff ′g2

�ff ′
{F̂+(−â

†
0â+A + â

†
−â0A

∗) + H.c.},

HR(2) = −
∑
f ′

α
(2)
ff ′g2

�ff ′

{
F̂+

(
F̂z + Îf

2

)
(â†

0â+A + â
†
−â0A
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+ F̂ 2
+â

†
−â+ + H.c.

}
, (1)

where A = ei[(kσ +kπ )x+�ωLt], a
†
±,0 are photon creation opera-

tors for modes ∓(x̂ ± iŷ) and ẑ, respectively, F̂± = ∓(F̂x ±
iF̂y)/

√
2, F̂x,y,z are spin-f operators, Îf is the identity

matrix, and �ωL = ωπ − ωσ . We have taken gπ = gσ = g for
simplicity. α

(i)
ff ′ (i = 0,1,2) are polarization constants given

in Ref. [29] corresponding to a rank-i (i = 0,1,2) Raman
coupling in the ground-state spin-f manifold through an
intermediate excited spin-f ′ state.

In deriving Eq. (1), we have used two conditions: (i) The
detuning �ff ′ , is much larger than the difference in Zeeman

energy both among spin-f ground states and among spin-f ′
excited states, and thus one can ignore the Zeeman-shift-
induced m dependence in the detuning �ff ′ [30]; and (ii)
�ωL � ωσ ,ωπ , and thus one can set ωπ,σ = ω, the mean
value. Both conditions (i) and (ii) can be easily satisfied.

In addition, we assume (iii) that �ωL is close to the Zeeman
energy ωz, i.e., �ωL ∼ ωz, or δ ≡ �ωL − ωz � ωz. This
condition, which is easily satisfied, allows us to simplify ĤR(2)

by ignoring the F 2
+ term: The rotating wave approximation

transforms away the time dependence of A by performing a
rotation e−i�ωLFzt . The F 2

+ term gains a phase factor e−2i�ωLt ,
which then averages to zero.

Comparison between alkali metals and open-shell lan-
thanides. For alkali metals, the Raman transitions operate
on the ground state 2S1/2 and excited states 2P3/2 and 2P1/2

possessing a fine-structure splitting �FS. When the detuning is
much larger than fine-structure splitting �ff ′ 	 �FS, ĤR(1) is
of order g2�FS/�

2
ff ′ [29,31], where �ff ′ = ω − EPS and EPS

is the energy difference between the P state and the S state
without fine-structure splitting. The reason is that the states
2P3/2 and 2P1/2 couple to the ground state 2S1/2 through α(1)

with Clebsch-Gordon coefficients of opposite sign, and the f ′
sum in ĤR(1) in Eq. (1) is then of the form Ĥ alkali

R(1) ∼ g2[�−1
ff ′ −

(�ff ′ + �FS)−1] ∼ g2�FS/�
2
ff ′ . In contrast, in lanthanides

such as Dy, the fine-structure splitting of the excited state
is very large. For instance, the 741-nm Dy Raman transition
couples to a single excited state 5K9 [32], resulting in a more
favorable scaling Ĥ

Dy
R(1) ∼ g2/�ff ′ .

Moreover, ĤR(2) will vanish for the alkali metals once
�ff ′ exceeds the hyperfine splitting. This is because the
ground state is J = 1/2, which has no matrix element through
the rank-2 operator α(2) back to the same manifold. The
hyperfine interaction, however, turns the ground state of
87Rb bosons into a spin F = 1 particle, leading to Ĥ alkali

R(2) ∼
g2�HF/�

2
ff ′ � Ĥ alkali

R(1) . In contrast, the ground states of Dy
bosons and fermions have a large orbital and spin angular
momentum, and the matrix element α(2) is nonzero within the
ground-state manifold, even without a hyperfine interaction:
Ĥ

Dy
R(2) ∝ g2/�ff ′ ∝ Ĥ

Dy
R(1).

The heating rates for both alkali metals and lanthanides
are given by � ∼ g2γ i/�2

ff ′ , where γ i is the excited-state
linewidth of atomic species i. Since the linewidth of the 5K9

excited state of Dy at 741 nm is ∼10−3× narrower than that
of alkali metal’s relevant excited states, there is much less
heating for Dy for the same amount of detuning and laser
intensity. On the other hand, �Dy ∼ (γ Dy/�ff ′)Ĥ Dy

R(1), and

�alkali ∼ (γ alkali/�alkali
FS )Ĥ alkali

R(1) . Thus, for the same strength of
Raman coupling, the ratio of two heating rates (�Dy/�alkali) ∼
(�alkali

FS /�ff ′)(γ Dy/γ alkali) can be several orders of magnitudes
smaller than unity for practicable laser intensities.

The single-particle Hamiltonian for bosonic Dy. With the
photon fields replaced by their mean values 〈a±,0〉, Eq. (1) can
be simplified to

HR = 
(e−i2kLy�̂ + H.c.) + δFz, (2)

�̂ = F̂+[Îf − 2C(F̂z + Îf /2)], (3)

where C is a constant that depends on f ′ and f . For the
741-nm transition to the 5K9 state of a 164Dy atom, we have
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f ′ = f + 1. Using the expressions for α
(i)
f,f +1 (i = 1,2) given

in Ref. [29] and replacing â±,0 with their expectation value,

we find 
 = g2〈a†
−〉〈a0〉

2�ff ′β |〈f ||r||f ′〉|2, where β = (f + 1) and
C = 1/(2f + 3).

The term δFz arises from the detuning of the frequency
difference �ωL with the Zeeman frequency ωz. Note the tensor
quadratic term F̂+F̂z is absent in previous studies of alkali-
metal atoms [33]. To understand the physics of ĤR, it is useful
to apply a spin rotation along z to remove the phase factor in
Eq. (2) [5,14]. The single-particle Hamiltonian along ŷ is then

Ĥ =
(

(k̂y − 2kLFz)2

2M
+ δFz

)
+ 
(� + �†). (4)

Abelian regime and synthetic magnetic field. The Abelian
regime corresponds to large 
 and δ, and a synthetic magnetic
emerges when there is field gradient δ = Gx [1,17]. In this
regime, Eq. (2) at each point r = (x,y,z) has a unique
minimum |ψ(r)〉 in spin space separated from other excited
states by an energy gap of order 
. Projecting Ĥ onto
this lowest state, one obtains the Hamiltonian resembling
that of a charged particle in a magnetic field, where the
magnetic field is given by ∇ × A, with the Berry’s phase
connection A = −i〈�(r)|∇|�(r)〉 [34]. A quick way to obtain
the strength of the synthetic magnetic field near r = 0 is to
calculate the spectrum of Eq. (4) in a semiclassical limit, i.e.,
by calculating the spectrum for a given δ and expanding about
its minimum [0,kmin(δ),0] along ky :

E(ky,δ) = 1

2M
[ky − kmin(δ)]2. (5)

The minimum kmin can be regarded as Ay . The cor-
responding synthetic magnetic field is Beff = ∂Ay/∂x =
(∂Ay/∂δ)(∂δ/∂x) ∝ dkmin/dδ [1,17].

It is important to note that in the Abelian limit, the ground
state of Ĥ is controlled by two parameters 
 and δ, which drive
the system towards the minima of �̂ and δF̂z, respectively. As
δ increases, the ground state will change from one minimum
to another. This can be seen in the minimum kmin(δ) of the
spectrum E(ky,δ), which undergoes a jump at δc

∼= −6.9, as
shown in Figs. 2(a) and 2(b). The nature of the ground state is
shown in Fig. 2(c) in a Majorana representation. For δ < δc,
the system is ferromagneticlike, with all 2F = 16 Majorana
points close to the north pole [see Fig. 2(c1)]. (A complete
collapse onto the north pole results in a full ferromagnet.) As
δ exceeds δc, the state gains more nematicity, as seen from
the migration of Majorana points towards the south pole [see
Fig. 2(c2)]. (Maximum nematicity corresponds to an equal
distribution of Majorana points at both poles.) The dashed line
in Fig. 2(b) shows the behavior of kmin without the tensor term.
In this case, there is no discreet jump in kmin, which is similar
to the case of 87Rb [17].

In Fig. 2(d) we compare dkmin/dδ (i.e., the Beff achieved
for the same Zeeman field gradient) between Dy and Rb. With
the tensor term excluded (dashed line), the maximum value of
dkmin/dδ achieved for Dy is larger than that for the Rb case by
a factor of ∼F = 8. This is because the larger spin structure
enhances the maximum momentum transfer from 4kL in Rb to
4FkL in Dy. Including the tensor term (black solid line), the
synthetic magnetic field dkmin/dδ is greatly suppressed when

FIG. 2. (Color online) (a) The dispersion of the lowest branch for
the Dy case with different δ [indicated by the arrows in (b)]. (b) kmin as
a function of δ for Dy. The dashed line in (b) excludes the tensor term.
(c) Majorana spinor representation for two ground-state spinor wave
functions at different δ [marked by (1) and (2)] in (b). (d) dkmin/dδ

(which is proportional to Beff) for Dy (black solid line; black dashed
line excludes the tensor term contribution) and for Rb (orange solid
line). In all cases, 
 is fixed at 4EL, and for the Rb case the strength
of the quadratic Zeeman term ωqF

2
z is taken as ωq = 1.9EL, as used

in Ref. [1]. In all plots, [kmin,Ek,δ] are in units of [2kL,EL,EL].

δ < δc, but is much enhanced for δ just above δc. Operating
in the latter range of δ will provide a very strong synthetic
magnetic field.

SO-coupled regime and Majorana spinor helix. The single-
particle dispersion exhibits multiple minima that are almost
degenerate in the SO-coupled regime. This occurs for small δ

and 
. For 
 = 0, Eq. (4) exhibits 2F + 1 degenerate minima
with wave functions eim2kLyϕm, where Fzϕm = mϕm. For small

, the 2F + 1 local minima remain, but their energies εm are
no longer degenerate and their wave functions are modified to
(in leading order of 
)

ψm = eim2kLy (−κm−1ϕm−1 + ϕm − κmϕm+1) , (6)

where κm = 
〈m + 1|�̂|m〉. In the presence of interactions,
the ground state will be a linear combination of these modified
minima � = ∑

m ξmψm. Expressing � in the original basis
ϕm, which are spin components measured in a Stern-Gerlach
experiment, we have � = ∑

m ηmϕm, where

ηm = eim2kLy(−e−i2kLyκm−1ξm−1 + ξm − ei2kLyκmξm+1). (7)

The coefficients ξm can be determined in a straightforward
fashion by minimizing the energy E = ∑F

m=−F εm|ξm|2 +
Eint({ξm}), where Eint({ξm}) is the interaction energy of the
form

Eint =
∫

d3r
F∑

j=0

g2j

j∑
m=−j

�∗
jm�jm,

(8)
�jm =

∑
m′

〈2J,m|J,m′,J,m − m′〉ηm′ηm−m′ ,
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(a) (c)

(b)

FIG. 3. (Color online) (a) Single-particle spectrum for δ = 0 and

 = 0.083EL. k, Ek are in units of 2kL and EL, respectively. (b)
A one-parameter phase diagram in terms of 
/EL. δ is fixed at
zero. For the purpose of illustration, we choose a set of parameters
{g0, . . . ,g16} = {6,7,7,7,7,2,0,7,7} as an example (other interac-
tion parameters will result in spinors of differing symmetry—see
Ref. [26]; these parameters remain unmeasured for Dy). With this set
of interaction parameters, the system is in an octahedron Oh phase
at zero 
, and C3v(α), C3v(β), and C∞v phases for 0 < 
/EL <

0.101, 0.101 < 
/EL < 0.133, and 
/EL > 0.133, respectively.
The phases are labeled by symmetry in the dressed-state basis. (c)
Schematic of a “Majorana spinor helix” in the C3v(β) phase of (b).
The gray lines are the trajectory of each Majorana point on the sphere
vs ŷ translation.

and g2j are j + 1 independent interaction parameters in
different total spin channels [35], and ηm is related to ξm via

Eq. (7). The ground state is sensitive to a variation of 
 since
Raman coupling effectively changes the interaction between
dressed states; in Fig. 3(b) we give an example of the change
of symmetry of the ground state as a function of 
 [36].

Equation (7) shows that each spin component of the
ground state � = ∑

m ηmϕm is a periodic function in y with
wave vector kL. Such variations cannot be described by spin
rotations. Rather, it corresponds to each of the 2F Majorana
points tracing out different loops as the atoms travel over a
period π/kL along ŷ, as shown in Fig. 3(c). We name such a
structure a “Majorana spinor helix,” as opposed to a reshuffling
of different Majorana points after a period, which would be
(in the analog of superfluid 3He) a Majorana “soliton.”

Concluding remarks. The outstanding challenge for ex-
perimental research employing a synthetic gauge field is the
reduction of heating. Our discussion shows that this problem
can be solved by using atoms with a large orbital and spin
angular momentum such as Dy, which also has the advantage
of considerably increasing the strength of the synthetic gauge
field. Moreover, SO-coupled high-spin bosons and fermions
possess far richer classes of broken-symmetry ground states
than spin-1/2 fermions and spin-0 and spin-1 bosons. The
realization of a strong synthetic gauge field and SO coupling
in these systems of large-spin atoms will constitute a major step
toward exploring exotic correlated states of fundamental im-
portance that are difficult, if not impossible, to realize in solids.
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